DYNAMIC OF THRESHOLD SOLUTIONS FOR ENERGY-CRITICAL NLS 



THOMAS DUYCKAERTS 1 AND FRANK MERLE 2 



Abstract. We consider the energy-critical non- linear focusing Schrodinger equation in dimen- 
sion N = 3,4,5. An explicit stationnary solution, W, of this equation is known. In [KM06 , 
the energy E(W) has been shown to be a threshold for the dynamical behavior of solutions of 
the equation. In the present article, we study the dynamics at the critical level E(u) = E(W) 
and classify the corresponding solutions. This gives in particular a dynamical characterization 
of W. 
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1. Introduction 

We consider the focusing energy-critical Schrodinger equation on an interval I (0 G I) 
f id t u + Au+\u\ Pc ~ 1 u = Q, (t,x)£lxR N 
1 u lt=Q = u £H 1 , 



(1.1) 

where 



N + 2 

iVG {3,4,5}, p c 



N-2 

and H 1 := H 1 ^) is the homo geneous Sobolev space on M. N with the norm [|/[|^L := / |V/| 2 . 

The Cauchy problem for (jl.ip was studied in [CW90J. Namely, if uq is in H 1 , there exists an 
unique solution defined on a maximal interval I = (— T_,T+), such that 

J <g I ==> \\u\\ s{J) < oo, S( J) := L 2pc (J x R N ) , 
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and the energy 

E(u(t)) = ^ J \Vu(t,x)\ 2 dx-^ J \u(t,x)\ 2 'dx 

is constant (here 2* := = Pe + 1 is the critical exponent for the -ff^-Sobolev embedding in 
M. N ). In addition, it satisfies the following global existence criterium: 

T + < cxd => ||u||s( 0j t + ) = oo. 

Moreover, solutions of equation (jl.ip are invariant by the following transformations: if u(t, x) is 
such a solution so is 



i v-2i/2 U (" g j~» X ° A +X ), (6> ,A ,to,^o) £Rx(0,oo)xlx 

An X " 



dV 



Note that these transformations preserve the S'(R)-norm, as well as the iT 1 -norm, the L 2 -norm 
and thus the energy. 

An explicit solution of (|l.ip is the stationnary solution in H 1 (but in L 2 only if N > 5) 
(1.2) W := 



1 + J*l 



N(N—2) 



JV-2 
2 



The works of Aubin and Talenti |Aub76[ ITal76| , give the following elliptic characterization of 
W 



(1.3) Vn G H , ||«||x,2* < Cjv||w||^-i 

A, 



— T J, 



where Cat is the best Sobolev constant in dimension iV. 

In |KM06] . Kenig and Merle has shown that W plays an important role in the dynamical 
behavior of solutions of Equation (II. IB . Indeed, E(W) = , r l^ N is an energy threshold for the 

dynamics in the following sense. Let u be a radial solution of (jl.lj) such that 

(1.5) E{u Q ) < E(W). 
Then if [|ito[|^i < H^H^i, we have 

(1.6) T + = T- = oo and ||ii||s(R) < oo. 
On the other hand if Uttoll^i > ll^lljjij an d «o £ L 2 then 

(1.7) T + < oo and T_ < cxd. 

Our goal is to give a classification of solutions of (jl.ip with critical energy, that is with initial 
condition such that 

u eH\ E{u )=E(W). 

A new example of such a solution (not satisfying (|1.6|) nor (jl.7p ) is given by W. We start with 
the following theorem, which shows that the dynamics at this critical level is richer, in the sense 
that there exists orbit connecting different types of behavior for t > and t < 0. 
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Theorem 1. Let N G {3,4,5}. There exist radial solutions W~ and W + of (jl.ip such that 

(1.8) E{W) = E{W + ) = E(W~), 

(1.9) T + (W~) = T + (W + ) = +oo and lim W ± (t) = W in H 1 , 

(1.10) \\W~\\ 6 i < \\W\\jjx, T_(^-) = +oo, ||W-|U((_oo,o]) < oo, 

(1.11) > \\W\\hi, and, if N = 5, T„{W + ) < +oo. 

Remark 1.1. As for W, W + (t) and W~(t) belongs to L 2 if and only if N = 5. We still expect 
T_{W + ) < +oo for AT = 3, 4. 

Our classification result is as follows. 

Theorem 2. Let N G {3,4,5}. Let uq G H 1 radial, such that 

(1.12) E(u ) = E(W) ' 



Let u be the solution of (jl.ip wit/i initial condition u$ and I its maximal interval of definition. 
Then the following holds: 

(a) // J |Vtio| 2 < / |VPF| 2 = — j7 then I = R. Furthermore, either u = W~ up to the 

J J C N 

symmetry of the equation, or \\u\\g^ < oo. 

(b) // J |Viio| 2 = J |VH^| 2 then u = W up to the symmetry of the equation. 

(c) If J |Vno| 2 > J \VW\ 2 , and uo G L 2 then either u = W + up to the symmetry of the 
equation, or I is finite. 

The constant Cat is defined in (|1.3|) . In the theorem, by u equals v up to the (H 1 — ) symmetry 
of the equation, we mean that there exist to G M, £ -^o > such that 

e ie ° f tp + t x\ e ie ° _f t -t x\ 

Remark 1.2. Case (|b]) is a direct consequence of the variational characterization of W given 
by Aubin and Talenti |Aub76| . |Tal76| . Furthermore, using assumption (|1.12p . it shows (by 

continuity of u in H 1 ) that the assumptions J |Vn(t )| 2 < / |VW| 2 , J |Vn(t )| 2 > / \VW\ 2 

do not depend on the choice of the initial time to- Of course, this dichotomy does not persist 
when E(u ) > E(W). 

Remark 1.3. In the supercritical case (jcj), our theorem shows that in dimension N = 3 or 
N = 4, an L 2 -solution blows up for negative and positive times. We conjecture that case (jcj) 
holds without the assumption "no G L 2 ", i.e. that the only solution with critical energy such 
that j |Vuo| 2 > J | VVF| 2 and whose interval of definition is not finite is W + up to the symmetry 
of the equation. 

Remark 1.4. We expect that the extension of the results of |KM06j to the non-radial case, 
together with the material in this paper would generalize Theorem [2] to the non-radial case. 
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From |Bou99aj [Bou99bj . we know that a solution such that ||it||snR) < oo scatters in H 1 at 
±00. Cases (jaj) and (Jbj) of Theorem [2] shows: 

Corollary 1.5. Up to the symmetry of the equation, W is the only radial solution such that 
E(uq) = E(W) and J |Vuo| 2 < J \VW\ 2 which does not scatter in H 1 for neither positive nor 
negative times. 

The behavior exhibited here for ij 1 -critical NLS is the analogue of the one of the L 2 -critical 
NLS. For this equation, Merle has shown in [Mer93| that a i? 1 -solution u{t) at the critical level 
in 1? and such that xu £ 1? is either a periodic solution of the form e JW *Q, an explicit blow-up 
solution converging to Q after rescaling or a solution scattering at ±00. 

The outline of the paper is as follows. In Section [2J we use arguments of [KM06] to show 
the compactness, up to modulation, of a subcritical threshold solution of (jl.ip such that 
ll n lls(o,+oo) = 00 (case (jaj) of Theorem [2]). Section [3] is devoted to the proof of the fact that 
such a solution converges to W as t — > +00. In Section HJ we show a similar result for L 2 
super-critical solutions of (11. lj) (case (jcj)). The last ingredient of the proof, which is the object 
of Section [5l is an analysis of the linearized equation associated to (11. lj) near W. Both theorems 
are proven in Section [6l 

2. Compactness properties for nonlinear subcritical threshold solutions 

In this section we prove a preliminary result related to compactness properties of threshold 
solutions of (11.11) , and which is the starting point of the proofs of Theorems [T] and [21 It is 
essentially proven in [KM06], Proposition 4.2. We give the proof for the sake of completeness. 

If v is a function defined on we will write: 

1 / X \ .-/>_ 1 



e 



i6 



v l*o]( x ) = x(N - 2 )/2 v [y ) > v ieoM-~ x (N-2)/2"y Xo 

Proposition 2.1 (Global existence and compactness). Let u be a radial solution of (jl.ip and 

I = (T_,T + ) its maximal interval of existence. Assume 

(2.2) E(u ) = E(W), \\u \\ Hl <\\W\\ H1 . 
Then 

I = R. 

Furthermore, if |M|s(o,+oo) = °°; there exists a map A defined on [0, 00) such that the set 

(2.3) K + := {u [m (t), t e [0,+cx))} 

is relatively compact in H 1 . An analogous assertion holds on ( — 00, 0]. 

As a corollary we derive the existence of threshold mixed behavior solutions for (11. ip in the 
subcritical case in i^-norm. 

Corollary 2.2. There exists a solution w~ of (jl.ip defined for t£l, and such that 

E(w~)=E(W), \\w-(0)\\ Al < || W\\ A i 

lk~lls(0,+oo) = °°> ||w~||s(-oo,0) < °°- 
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The crucial point of the proofs of Proposition [2TT1 and Corollary |2.2l is a compactness lemma for 
threshold solutions of (jl.ip which is the object of Subsection 12.21 We give a sketch of the proof, 
which is essentially contained in [KMQ6], and refer to [KM06J for the details. In Subsections 12.31 
and 12.41 we prove respectively Proposition 12.11 and Corollary 12.21 We start with a quick review 
of the Cauchy Problem for (jl.ip . 



2.1. Preliminaries on the Cauchy Problem. In this subsection we quickly review existence, 
uniqueness and related results for the Cauchy problem (jl.ip . See [KM06, Section 2] for the 
details. In the sequel, / B is an interval. We first recall the two following relevant function 
spaces for equation (jl.ip : 

2(N+2) / Ar \ 2(N+2) / 2N{N+2) s 

(2.4) S(I) := L~-*=5-(l x R N j, Z(I) := LTv=ir f j ; £ J . 
Note that Z{T) is a Strichartz space for the Schrodinger equation, so that 

(2.5) ||Ve ttA « |U( R ) < CIKIIhi 
and that by Sobolev inequality, 

(2-6) < C||V/|U (/) . 

Following |CW90j . we say that u G C°(I,H 1 (R N )) is a solution of (HUD if for any J m I, 
u G S(J), |Vit| G Z(J) and 

y t G I, u(t) = e itA u + i f e i{t - s)A \u{s)\ p c- l u{s)ds. 

Jo 

The following holds for such solutions. 
Lemma 2.3. 

(a) Uniqueness. Let u and u be two solutions of (jl.ip on an interval I 3 with the same 
initial condition uq. Then u = u. 

(b) Existence. For no G H , there exists an unique solution u of (jl.ip defined on a maximal 
interval of definition (— T_ (uq), T + (uo)). 

(c) Finite blow-up criterion. Assume that T + = T + (uq) < oo. Then \\u\\s(o,t+) = +oo. An 
analogous result holds for T_(uq). 

(d) Scattering. If T + {uq) = oo and ||«||s([o,+oo)) < °°; there exists u + G H 1 such that 

lim \\u(t) - t&^u+W&i = 0. 

(e) Continuity. Let u be a solution of (jl.lj) on I 3 0. Assume that for some constant A > 0, 

sup |Kt)||jji + \\u\\s(i) < A - 
tei 

Then there exist eq = £${A) > and Co = Co(A) such that for any uq G H 1 with 
\\uq — Uq\\j I1 = e < £q, the solution u of (jl.lj) with initial condition uq is defined on I 
and satisfies \\u\\s(i) < Co and sup t£l \\u(t) — u(t)\\^i < CqE. 

(See [CW90j . lBou99bj . |TV05j . |KM06j .l 
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Remark 2.4. Precisely, the existence result states that there is an Eq > such that if 

(2.7) ||e itA u || 5(/) =£<e 0! 

then (11. ip has a solution u on I such that |M|s(7) < 2e. In particular, by (|2.5p and (12. 6j) . for 
small initial condition in i? 1 , -u is globally defined and scatters. 

2.2. Compactness or scattering for sequences of threshold iP-subcritical solutions. 

The following lemma (closely related to Lemma 4.9 of [KM06]) is a consequence, through the pro- 
file decomposition of Keraani [KerOlj (which characterizes the defect of compactness of Strichartz 
estimates for solutions of linear Schrodinger equation), of the scattering of radial subcritical so- 
lutions of (fTTTj) shown in [KM06| . 

Lemma 2.5. Let (u^) ng N be a sequence of radial functions in H 1 such that 

(2.8) Vn, E(u° n )<E(W), ||<||^ < \\W\\ 6l . 

Let u n be the solution of (jl.ip with initial condition u^. Then, up to the extraction of a subse- 
quence of (u n ) n , one at least of the following holds: 

(a) Compactness. There exists a sequence (X n ) n such that the sequence ({Un)[x„]) n con- 
verges in H 1 ; 

(b) Vanishing for t > 0. For every n, u n is defined on [0, +oo) and lim ||^ n ||s(o +oo) = 0j 

n— >+oo * ' ' 

(c) Vanishing for t < 0. For every n, u n is defined on (—oo, 0] and lim ||«n||s(-oo o) = 0j 

(d) Uniform scattering. For every n, u n is defined on M. Furthermore, there exists a 
constant C independent of n such that 

< C. 



Sketch of the proof of Lemma [2731 We will need the following elementary claim (see [KM06, 
Lemma 3.4]). 

Claim 2.6. Let f G H 1 such that \\f\\fti < \\W\\^i. Then 

% < E(f) 



\\w\\ 2 til ~ E(wy 

In particular, E(f) is positive. 

Remark 2.7. Clearly, 11^(^)11^ > 2E(u(t)), so that Claim [231 implies that for solutions of (jl.ip 



satisfying (|2.2p . 

3C > 0, Vt, C^Wuflffr < E{u{t)) < CHu^ll^. 

Proof. Let &(y) = \y — $~y 2 • Then by Sobolev embedding 

*(il/ll|0 <\ H/iiii -^11/115. =W). 

Note that $ is concave on R + , $(0) = and $( ) = E(W). Thus 

Vs G (0, 1), $(s ||W||^ ) > s^Wf^) = sE{W). 

Il/ll 2 ' 1 

Taking s = , IT , r ,^ 1 yields the lemma. □ 

6 \\W\\%y J 
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By the lemma of concentration compactness of Keraani (see [KerOlJ, there exists a sequence 
(K')ieN of solutions of Schrodinger linear equation with initial condition in H , and sequences 
(Xj n , ij n )neN*) A jn > 0, tj n S R, which are pairwise orthogonal in the sense that 

Afcn , Xjn \tjn ^kr, 



such that for all J 



j lim h 1 ^— = +cx) 

n-*+oo Aj n Afcn A^ n 



(2.9) u° = Vj( 8 jn)[X jn ] + w J n , with s jn -- , 

3=1 in 

(2.10) lim limsup||e*' A ^|| 5(]R) =0, 

J 

(2.11) ||<||^ = £ Il^-H^ + H^ll^ + (1) as n -> +oo, 

J 

(2.12) £«) = Y E(Vj(s jn )) + E{w J n ) + o(l) as n ^ +oo. 

If all the V^-'s are identically 0, then by (|2.10p . ||e** A w° \\sng) tends to as n tends to infinity, and 
the sequence (u n ) n satisfies simultaneously (jbj) . (jcj) and (fdj) . Xhus we may assume without loss 
of generality that Vi ^ 0. Furthermore, by assumption (|2.8j) and by (|2.1ip . ||Vj||^i < 
and for large n, < which implies by Claim [2U1 that the energies E(Vj(sj n )) and 

E(iVn) are nonnegative, and thus that E(Vj(sj n )) < E(W). Extracting once again a subsequence 
if necessary, we distinguish two cases. 



First case: 



lim E(Vi(s ln )) = E(W). 

n—f+oo 



By assumption (j2.8)l and by (12. 12j) (all the energies being nonnegative for large n), £7(Vj(sj n )) 
(j > 2), and E(w£) tend to as n tends to infinity. Thus by Claim [2U1 , for j > 2, Vj = 0, and 
= w\ tends to in H 1 . As a consequence 

u n = Vi(sin)[\ ln ] + o(l) in ii 1 , n -> +oo. 

Up to the extraction of a subsequence, si n converges to some s £ [— oo, +oo]. If s G K, It is easy 
to see that we are in case (jaj) (compactness up to modulation) of Lemma 12.51 If s = +oo, then 
lim n ^ +00 ||e jtA n° ||5( ,+oo) = 0> so that by existence theory for (II. ip (see Remark l2.4p case (jbl) 
holds. Similarly, if s = — oo case (jcj) holds. 

Second case: 

(2.13) 3ei, < E! < E(W) and Vn, E (Vi(si n )) < E(W) - e x . 

Here we are exactly in the situation of the first case of [KM061 Lemma 4.9]. We refer to the 
proof of this lemma for the details. Recall that for large n, all the energies are nonnegative in 
(|2.12p . Thus, in view of (|2.12p (and of Claim [2U1 for the second inequality) 

(2.14) limsup£;(Vj(s in )) < e x < E(W), ||^(0)||^ < \\W\\ Al . 
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Furthermore by assumption (|2.8p and by (|2.1ip 



(2-15) Ell F i( s i«)H^ ^ W W 



2 



Thus, according to the results of |KM06j and the Cauchy problem theory for (jl.ip . u° is, up 
to the small term w^, a sum QZM of terms U? n = Vj(s jn)[x jn ] that are all initial conditions 
of a solution Uj n of (11. ip satisfying an uniform bound ||J7jn||s(R) < Cj (with ^ c| finite by 
([2"15jl ). Using the pairwise orthogonality of the sequences (Aj^, tjn)n&^*: together with a long- 
time perturbation result for (jl.ip . it is possible to show that for some constant C independant 
of n, 

\\u n \\s(R) < C, 

that is that case (jd]) of the Lemma holds. Up to the technical proof of this fact, which we omit, 
the proof of Lemma 12.51 is complete. □ 

2.3. Compactness up to modulation and global existence of threshold solutions. We 

now prove Proposition 12.11 

Step 1: compactness. We start by showing the compactness up to modulation of the threshold 
solution u. In Step 2 we will show that u is defined on R. 

Lemma 2.8. Let u be a solution of (|l.ip of maximal interval of definition [0,T + ) such that 
E(u ) = E(W), Huolltfi < ll^lljj-i and 

\W\\ S (0,T+) = +°°- 

Then there exists a function A on [0, T+) such that the set 

(2.16) K + :={u [m (t), te[0,T + )} 
is relatively compact in H . 

Proof. The proof is similar to the one in [KM06j . The main point of the proof is to show that for 
every sequence (t n ) n , t n G [0, T + ), there exists, up to the extraction of a subsequence, a sequence 
(An)n such that (u\x n ](t n )) converges in H . By continuity of u, we just have to consider the 
case lim n t n = T + . 

Let us use Lemma [2.51 for the sequence n° = u(t n ). We must show that we are in case 
(jaj). Clearly, cases (jb]) (vanishing for t > 0) and ([d]) (uniform scattering) are excluded by the 
assumption that |M|s(o,T + ) i s infinite. Furthermore, |M|s(o,t n ) = ll' u n||5(-t n ,o) (where u n is the 
solution of (jl.ip with initial condition «°) so that case jcj) would imply that ||«||s(o,t„) tends 
to 0, i.e that u is identically which contradicts our assumptions. Thus case (jaj) holds: there 
exists, up to the extraction of a subsequence, a sequence (A n ) n such that (u[\ n ](t n )) converges. 

The existence of \(t) such that the set K + defined by (j2.16p is relatively compact is now 
classical. Indeed 

(2.17) Vt G [0, T+), 2E{W) = 2E{u{t)) < \\u(t)\\ 2 Al < \\W\\ 2 Al . 
Fixing t £ [0,T + ), define 

(2.18) X(t) := sup J A > 0, s.t. / | Vu\ 2 (t, x)dx = E{W) \ . 

I J\x\<i/\ I 
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By (|2.17p . < X(t) < oo. Let (t n ) n be a sequence in [0, T + ). As proven before, up to the 
extraction of a subsequence, there exists a sequence (A n ) n such that {u[\ n ](t n )) converges in 
H 1 to a function vq of H 1 . One may check directly, using (|2.17p . that for a constant C > 0, 

C~ l \(t n ) <\ n < CX{t n ), 

which shows (extracting again subsequences if necessary) the convergence of \U>[\n\](t n )) in 
H . The compactness of K+ is proven, which concludes the proof of Lemma 12.81 □ 



Step 2: global existence. To complete the proof of Proposition 12.11 it remains to show that the 
maximal time of existence T + = T + (uq) is infinite. Here we use an argument in [KM06J. Assume 

(2.19) T+ < oo, 

and consider a sequence t n that converges to T + . By the finite blow-up criterion of Lemma 12.31 
ll n lls(o,T + ) = +oo. By Lemma [2781 there exists X(t) such that the set K + defined by (|2.16p is 
relatively compact in H 1 . 

If there exists a sequence (t n ) n converging to T + such that \(t n ) has a finite limit Ao > 0, then 
it is easy to show, using the compactness of (u[\(t n )] (*n)) and the scaling invariance of (11.11) 
that u is defined in a neighborhood of T + , which contradicts the fact that T + is the maximal 
positive time of definition of u. Thus we may assume 

(2.20) lim A(t) = +oo. 

Consider a positive radial function ip on such that ip = 1 if \x\ < 1 and = if \x\ > 2. 
Define, for R > and t £ [0, T+), 

F R (t):= [ \u(t,x)\ 2 i>Qdx. 
Jr n ti 

By (|2.20p . the relative compactness of K + in H 1 and Sobolev inequality, for all ro > 0, 
I\x\>r \u{t, x)\ 2 * dx tends to as t tends to T + . Thus, by Holder and Hardy inequalities 

(2.21) lim F R {t) = 0. 

Using equation (jl.ip . F' R (t) = Im J u(x)Vu(x)(Vi[))(ji)dx, which shows (using Cauchy-Schwarz 
and Hardy inequalities) that < C||n(t)||^ 1 < Co, where Co is a constant which is inde- 

pendent of R. Fixing t £ [0,T + ), we see that 

(2.22) VTG[0,T+), \F R (t)-F R (T)\<C \t-T\. 

Thus, letting T tends to T + , and using (|2.2ip . |-FR(t)| < Co\t — T + \. Letting R tends to infinity, 
one gets that u(t) is in L 2 (R N ) and satisfies 



/ \u(t,x)\ 2 dx < C\t-T + 



By conservation of the 1? norm, we get that no = which contradicts the fact that E(uq) = 
E(W). This completes the proof that T + = +oo. By a similar argument, T_ = — oo. The proof 
of Proposition 12.11 is complete. □ 
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2.4. Existence of mixed behavior solutions. We now prove Corollary 12.21 

Let = (l — and v n the solution of (jl.ip with initial condition v®. One may check 

that iKH^i < ||W||_ffi and E{v° n ) < E{W). By the results in |KM06j 

T +(Vn) = T -( v n) = °°> IK||s(R) < 



Since ||TV||s , (r) = do, ||v n ||s(R) tends to +oo by Lemma [2T3l (jel) . Chose t n such that the solution 
«„(•) = v n {- + t n ) of (jl.ip satisfies 

(2-23) IK||s(-oo,0) = 1- 

Therefore 

(2-24) |K||s(0,+oo) — > +°°- 

Let us use Lemma 12.51 By (12. 23 h and (j2.24j) , cases ©, (Jcj) and © are excluded. Extracting 
a subsequence from (u n ) n , there exists a sequence (A n ) n such that («n)[A„l converges in H . 
Rescaling each u n if necessary (which preserves properties (|2.23j) and (|2.24|) ). we may assume 
that the sequence (it°) converges in H 1 to some Wq . Let w~ be the solution of (jl.ip such that 
w~ (0) = u>q . Clearly 

E(w )=E(W), \\wo\\ 6i <\\W\\hi. 
Thus by Proposition 12.11 w~ is defined on R. 



Fix a large integer n. By (|2.23p and Lemma [2731 (jej) with / = (—00, 0], u = u n , and uq 



w, 



- 



we get 

lk~lls(-oo,o) < °°. 

Assume that \\w~ ||s(o,+oo) is finite. Using again Lemma [231 (jej) with / = [0, +00), u = w~ and 
""o = u n (0), we would get that ||ura||s , (o,+oo) is bounded independently of n, contradicting (|2.24|) . 
Thus 

Ik _ ll5(o,+oo) = °°. 

The proof is complete. □ 

Remark 2.9. The above proof gives a general proof of existence of a mixed-behavior solution at 
the threshold. In Section [U we will give another proof by a fixed point argument, which also 
works in the supercritical case ||uo||#i > l|W|liji- 

3. Convergence to W in the subcritical case 
In this section, we consider a threshold subcritical radial solution u of (jl.ip . satisfying 
(3.1) E(u ) = E(W), < WWfjj, 

(3-2) IMIs(o,+oc) = +00. 

We will show: 

Proposition 3.1. Let u be a radial solution of (jl.ip satisfying (|3.1|) and (j3.2p . Then there 
exist 60 G R, jUo > and c, C > such that 

Vt>0, \\u(t)-W [eoM \\ Hl <Ce- ct . 

(See (j2.ip for the definition of WW^i). As a corollary of the preceding proposition and a 
step of its proof we get the following result, which completes the proof of the third assertion in 
(fTTTOl) of Theorem [2J 
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Corollary 3.2. There is no solution u of (jl.ip satisfying (|3.ip and 

( 3 - 3 ) IMIs(-oo,0) = IMIs(0,+oo) = +°°- 

Let 

(3.4) d(/) := 

The key to proving Proposition 13.11 is to show 



2. _ 1 1 W 1 1 2 

h 1 w vv \\m 



(3.5) lim d(u(t)) = 0. 



Our starting point of the proof of (|3.5p is to prove the existence of a sequence t n going to infinity 
such that d(u(t n )) goes to (Subsection l3.ip . After giving, in Subsection [321 some useful results 
on the modulation of threshold solutions with respect to the manifold {Vt^^], p > 0, 6 G R}, 
we will show the full convergence (13. 5|) and finish the proof of Proposition 13.11 and Corollary 13.21 

3.1. Convergence to W for a sequence. 

Lemma 3.3. Let u be a radial solution of (II. ip satisfying (|3.ip . (j3.2j) . and thus defined on R 
by Proposition \2.1\ Then 

1 f T 

(3.6) lim - / d(u{t))dt = 0. 

Corollary 3.4. Under the assumptions of Lemma \3.3[ there exists a sequence t n — > +oo such 
that d(u(t n )) tends to 0. 

Proof of Lemma [PI Let u be a solution of (|l.ip satisfying (|3.ip and (13. 2p . According to Propo- 
sition Em there exists a function A(t) such that K + := {u[x(t)](t) i t > 0} is relatively compact 
in H 1 . 

The proof take three steps. 

Step 1: virial argument. Let (p be a radial, smooth, cut-off function on R such that 

<p(x) = \x\ 2 , < \x\ < 1, y?(x) = 0, |x| > 2. 

Let i? > and V 3 -R( a; ) = -^ 2( / 9 (^)> so that 93r(x) = |x| 2 for \x\ < R. Consider the quantity 
(which is the time-derivative of the localized variance) 

G R {t) := 21m J u(t)Vu(t) ■ Vip R , t G R. 

Let us show 

(3.7) 3C* > 0, Vt G R, |G B (t)| < C^tf 2 , 

X6 

(3.8) Ve > 0, 3p £ >0,VR> 0, Vt > 0, i?A(t) > p £ => G' R {t) > -d(u(t)) - e. 
Using that |x| < 2i? on the support of ^ and that |V(/3r| < CR, we get 

Vi G R, \G R (t)\<CR 2 [ l-\ u (t)\\Vu(t)\ <CR 2 ( [ |Vn(t)| 2 V f / ^| n (t)| 2 V /2 , 
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which yields (|3.7p . as a consequence of Hardy's inequality and ||w(i)||#i < ll^lljji- To show 
(|3.8p . we will use the compactness of K + . By direct computation 



(3.9) G' R (t) = -^d(u(i)) + A R (u(t)), 

where 



(3.10) A R (u) := [ \d r u\ 2 U 
J\x\>R V 



d 2 <p R 
\x\>R - dr2 



r N-l dr 



+ / | u | 2 * (- i-A^ + 8^ r^Mr - / \u\ 2 {tfip R )r N - l dr. 

J\x\>R \ N J J 



l\x\>R 

Indeed, an explicit calculation yields, together with equation 

G' R (t) =4 / \^\^r^dr-^ f \uf {^ R )r N ^dr - f \u\\A 2 m )r N ^dr 

Vu(t)\ 2 - I \u(t)\ 2 A+A R (u(t)), 



and as a consequence of assumption (|3.ip . J|Vn(t)| 2 — J|-u(i)| 2 * = j^^d^t)) which yields 
(|3.9p . According to (|3.9p . we must show 

(3.11) Ve > 0, 3p £ > 0, Vi? > 0, Vt > 0, #A(t) > p e |A fl (u(i))| < e. 

We have |fl£p fl | + \A<p R \ < C and |A 2 ^| < C/R 2 . Thus by (fBTTUj) . 

1 

'|x|>fl 1^1 



|A fl (u(t))| < / \Vu{t,x)\ 2 + \u{x)f + —^\u{t,x)\ 2 dx 



(3.12) |A fl (u(t))| < / \Vu [m] (t,y)\ 2 + \u [x(t)] {y)\ 2 + — |m A(t)] (f, y)| 2 cfe, 

J|s/|>i?A(t) |y| 

The set being compact in H 1 , we get (I3.1ip in view of Hardy and Sobolev inequalities. The 
proof of (|3.8p is complete. 



Step 2: a bound from below for A(t). The next step is to show 

(3.13) lim Vt\(t) = +oo. 

We argue by contradiction. If (|3.13j) does not hold, there exists t n — > +oo such that 

(3.14) lim ytnXftn) = To < oo. 

n— >+oo 

Consider the sequence (v n ) n of solutions of (jl.ip defined by 

1 / r y 

(3.15) v n (r, y) = j^u t n + 



By the compactness of K+, one may assume that (v n (0)) converges in i^T 1 to some function t>o. 
Let v(t) be the solution of (II. ip with initial condition wo at time r = 0. Clearly E(vq) = E{W) 
and 1 1 wo I l^-i < Fr° m Proposition [27TJ u is defined on R. Furthermore, by ()3.14p and the 

uniform continuity of the flow of equation (II. ip (Lemma 12.31 (jej)) 

(3.16) lim v n (-A 2 (t n )t„) =«(-7b) J in tf 1 . 

n— *+oo 
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By (JOT]), 

v n (-\ 2 (t n )t n ,y) = _^_^(-|_). 

Assumption (|3,14p implies that A(t n ) tends to 0, which shows that v n (— X 2 (t n )t n ) — 1 weakly 
in if 1 , contradicting (|3.16|) unless v(— tq) = 0. This is excluded by the fact that E(v(—tq)) = 
E(W), which concludes the proof of (|3.13p . 

Step 3: conclusion of the proof. Fix e > 0. We will use the estimates (j3.7j) and f|3.8j) of Step 1 
with an appropriate choice of R. Consider the positive number p £ given by (|3.8j) . Take £o and 
Mq such that 

2CUo = e > M o£o = Pe, 
where C* is the constant of inequality (|3.Tj) . By Step 2 there exists to such that 

Vt>t , A W>^- 

Consider, for T > to 

R •- £o Vt. 

If t G [^0)^]) then the definitions of -R, Mo and to imply RX(t) > eoVT^ > p e . Integrating 
(|3.8p between to an d T and using estimate (|3.7p on Gr, we get, by the choice of Eq and 
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iV — 2 
Letting T tends to +oo 



/ |d(«(t))|dt < 2C*R 2 + e(T - t ) < 2C*R 2 + eT < —e\T + eT < 2eT. 
Jt £ o 



1 f T N - 2 

limsup- / |d(«(t))|dt< — - — e, 

T^+oo J- Jo o 

which concludes the proof of Lemma 13.31 □ 

3.2. Modulation of threshold solutions. Let / be in H 1 such that E(f) = E(W). The 
variational characterization of W |Aub76[ ITal761 ILio85| shows 

inf \\f M -W\\ 6l <e(d(f)), Vme(S)=0, 

where d(f) is defined in (|3.4p . We introduce here a choice of the modulation parameters 6 and 
fi for which the quantity d(/) controls linearly \\f[e^] — W[|jyi and other relevant parameters of 
the problem. This choice is made through two orthogonality conditions given by the two groups 
of transformations / i— ► e l9 f, 6 G M and / i— > /m, \i > 0. This decomposition is then applied to 
solutions of (jl.ip . Let us start with a few notations. 

Since W is a critical point of E, we have the following development of the energy near W: 

(3.17) E (W + g) = E(W) + Q(g) + 0{\\g\\% 1 ), g £ H 1 , 

where Q is the quadratic form on H 1 defined by 

Q(9) -=\f |V 5 | 2 ~\f W^-\p c {Reg) 2 + (Im 9 ) 2 ). 
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Let us specify an important coercivity property of Q. Consider the three orthogonal directions 
W, iW and W\ := + x ■ VW in the real Hilbert space H 1 = H 1 ^, C). Note that 

(3-18) iW = JL( e -» w )^, Wl = .A. (W(xl)i ^. 

Let H := span{W, iW, W\ \ and H 1 - its orthogonal subspace in H l for the usual scalar product. 
Then 

2 

( 3 - 19 ) Q(W) = - — jy , Q\ spa .n{iW,Wi} = °' 

where Cat is the best Sobolev constant in dimension N. The first assertion follows from direct 
computation and the fact that ||W||^2* = = ^v- The second assertion is an immediate 

consequence of fj3. 17f) . (|3.18p . and the invariance of E by the transformations / \—* f[e,x\- The 
quadratic form Q is nonpositive on H. By the following claim, Q is positive definite on H^~. 



Claim 3.5. There is a constant c > such that for all radial function f in H 

QU)>~4f\\%- 

Proof. Let f% := Re/, f 2 := Im/. We have 



<?(/) = « / iv/il 2 -^/ w Po - i |/ir + ? / |v/ a r-=/ w^- a im- 

^ JR^ ^ JR^ ^ JR^ ^ JR^ 

The inequality 

3d > 0, V/x G {W,^!^, J / |VA| 2 - § / w^i/il 2 > d / |vA| 2 

* JR^ * JR^ Jr^ 

is known. We refer to |Rey90[ Appendix D] for a proof in a slightly different context, but which 
readily extends to our case. It remains to show 

(3.20) 3c 2 > 0, V/ 2 G H\ f 2 ±W |V/ 2 | 2 - \ [ W^~ l \f 2 \ 2 > c 2 [ |V/ 2 | 2 . 

1 Jm. n z Jr n Jr n 

Indeed by Holder and Sobolev inequality we have, for any real-valued v G H 1 



Pc-l 



with equality if and only if u G span(W). This shows that f RN |V/ 2 | 2 - f RN W Pc ~ l \f 2 \ 2 > 
f° r /2 7^ 0, f 2 ±.W. Noting that the quadratic form f RN |V • | 2 — J* RJV VF Pc_1 | • | 2 is a compact 
perturbation of J RN |V • | 2 , it is easy to derive (|3.20p . using a straightforward compactness 
argument that we omit here. □ 

The following lemma, proven in Appendix 17. 1\ is a consequence of the Implicit Function 
Theorem. 
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Lemma 3.6. There exists 5q > such that for all f in H 1 with E(f) = E(W), d(/) < 6q, there 
exists a couple (#, fj,) inEx (0, +oo) with 

f [6)tA ±iW, f M ±-Wx. 

The parameters 9 and \x are unique in K/27rZ x ^> an d the "mapping f i— > (0,/x) is C . 

Let u be a solution of (jl.ip on an interval / such that E(uq) = E(W), and, on /, d(u(t)) < 5q. 
According to Lemma 13.61 there exist real parameters 0(t), fi(t) > such that 



(3.21) u m),m (*) = {l + a{t )) w + 

] 

W 



where 1 + a(t) = (u^t),^)] , W) ^ and u(t) G H 1 . 

H 1 



We define v(t) by 

u(t) := a(t)W + u(t) = u mAt)] (t) - W. 

Recall that fj,, 6 and a are C 1 . If a and b are two positive quantities, we write a ~ 6 when 
C~ 1 a < b < Ca with a positive constant C independent of all parameters of the problem. We 
will prove the following lemma, which is a consequence of Claim 13.51 and of the equation satisfied 
by v, in Appendix 17. 11 

Lemma 3.7 (Modulation for threshold solutions of (jl.ip ). Taking a smaller 5q if necessary, we 
have the following estimates on I. 

(3.22) \a(t)\^\\v(t)\\ til ^\\u(t)\\ til ^d(u(t)) 



(3.23) \a'(t)\ + \9'(t)\ 



M '(t) 



< Cfi 2 (t)d(u(t)). 



tit) 

Furthermore, a(t) and \\u(t)\\%i — HWH^L have the same sign. 
3.3. Non-oscillatory behavior near W^^j. 

Lemma 3.8. Let (ton)n an d {tx n )n> ton < tin, be 2 real sequences, (u n ) n a sequence of radial 
solutions of (jl.ip on [to™, tin] such thatu n (tin) fullfills assumptions ()3.ip and (j3.2j) . and (X n )n£N 
a sequence of positive functions such that the set: 

K = {K(t))[A„(t)]> n G N, t G (tin, tan)} 
is relatively compact in H . Assume 

(3.24) lim d(u n (t „)) + dK(ti„)) = 0. 

n— >+oo 

T/ien 



(3.25) Jim_ <j sup d(u n (t)H=0. 

t£(tOni*ln) I 



-OO 



Remark 3.9. Let u be a solution of (jl.ip satisfying the assumptions of Proposition 13. 1\ and A(f) 
the parameter given by Proposition 12.11 Let (t n ) be a sequence, given by Corollary 13. 4\ such 
that d(it(t n )) tends to 0. Then the assumptions of the preceding proposition are fullfilled with 

Un — U, X n — A, t()n — t n , ti n — tn-\-l- 
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Under the assumptions of Lemma [3 .81 if n is large enough so that d(u n (t)) < 5q on the interval 
(ton,ti n ), we will denote by 9 n (t), fi n (t) and a n (t) the parameters of decomposition (|3.2ip 

(3.26) M^Ww*)] = (l + Mt))W + u n (t). 

Then we can complete Lemma 13.81 by the following. 

Lemma 3.10. Under the assumptions of Lemma \3.8[ 



(3.27) lim SU P*e(W^) Mn(t) = L 

n^+oo inf te(Wln ) Hn{t) 

Using the scaling invariance, it is sufficient to prove the preceding Lemmas assuming 

(3.28) Vn, inf X n (t) = 1. 

Indeed, let t n '■= inf X n (t), and 

<r\ — 1 ( 1_ E-\ \* !+\ — + * _ t _0n ,« _ ^ln 

U n {Z,X) — jy-2 "n I «2 ' * J ' A nw ~~ n ; r 0n ~~ «2 ' ln ~~ 02 
2 <-n/ *-n *n *-n 

^* = {«(*))[*•(*)]> " £ N, t € • 

Then it*, i*) n , A* and If* fulffill the assumptions of Lemmas 13.81 and 13.101 Furthermore, the 
conclusions (|3.25p and (|3.27p of the Lemmas are not changed by the preceding transformations. 
We will thus assume (|3.28|) throughout the proofs. 

The key point of the proofs is the following claim, which is a consequence of a localized virial 
argument. 

Claim 3.11. Let (u n ) n be a sequence fullfilling the assumptions of Lemma \3.8\ and (|3.28p . Then 

/•tin 

VneN, / d(u n (t))dt<C[d(u n (t 0n ))+d(u n (t ln ))]. 

Before proving Claim [3~.1H we will show that it implies the above lemmas. 

Proof of Lemma \3.£l Let (u n ) n be as in Lemma 13.8} and assume (13.28p . We first prove: 
Claim 3.12. If t n £ (to n ,ti n ) and the sequence X n (t n ) is bounded, then 

(3.29) lim d(u n (t n )) =0. 

Proof. By our assumptions, 1 < X n (t n ) < C, for some C > 1, so that the sequence u n (t n ) is 
compact. Assume that (|3.29|) does not hold, so that, up to the extraction of a subsequence 

(3.30) lim u n {t n ) = v° in H 1 (R N ), d(u°) > 0, E(v°) = E(W) and ||u°|Ui < 

Let v be the solution of (II. lh with initial condition v° at time t = 0, which is defined for t > 0. 
Note that for large n, 1 + t n < t\ n . If not, t\ n S (t n , 1 + t n ) for an infinite number of n, so that 
extracting a subsequence, t\ n — t n has a limit r S [0, 1]. By the continuity of the flow of (II. ip in 
H 1 , u n (t ln ) tends to v(t) with E{v{r)) = E{W) and, by (pHil) . d(u(r)) = 0. This shows that 
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v = W[Q 0t \ ] for some do, Xq, contradicting (|3.30p . Thus (t n , 1 +t n ) C (tonkin)- By (|3.30p and 
the continuity of the flow of (jl.ip . 

(3.31) lim / d(u n (t))dt = / d(u(t))dt > 0. 

n^+co J tn J Q 

Furthermore, according to Claim |3~.11I liny. f^ n d(u n (t))dt = 0. which contradicts (|3.31|) . The 
proof is complete. □ 

By assumption (|3.28|) . one may chose, for every n, b n G (ion>*ln) such that 

(3.32) lim X n {b n ) = 1. 

n— >+oo 

By Claim 0121 

(3.33) lim d(u n (b n )) = 0. 

n~ >+oo 

We will show (|3,25p by contradiction. Let us assume (after extraction) that for some 5\ > 0, 

Vn, sup d(it n (i)) > 5i > 

t&(ton,b n ) 

(the proof is the same when (to n ,b n ) is replaced by {b n ,t\ n ) in the supremum). Fix 82 > 
smaller than <5i and the constant 5o given by Lemma 13.61 The mapping t \— > d(u ra (t)) being 
continuous, there exists a n G (to n ,b n ) such that 

(3.34) d(u n (a n )) = 5 2 and Vt G (a n , b n ), d(u n (t)) < 5 2 . 

On (a n ,b n ), the modulation parameter /i ra is well defined. Furthermore, by the relative com- 
pactness of K and decomposition (I3.26p . the set (J \ Wr i (t), t € [a n , 6 ra ] > must be 

I |/MM/ Mn ( 4n )J J 

relatively compact, which shows 

(3.35) 3C > 0, Vt G (a n , &„), CT^C*) < Mri (i) < CA n (t). 
By (I3.32p , extracting a subsequence if necessary, we may assume 

Vn(b n ) — > fJ-oo G (0,oo). 

Let us show by contradiction 

(3.36) sup /U n (t) < 00. 

n,te(a n ,b n ) 

If not, in view of the continuity of (i n , there exists (for large n) c n G (a n , 6 n ) such that 

(3.37) Mn(cn) = 2^oo, Mn(*) < 2/iooj * G (c n ,6 n ). 

By Claim l3.12l lim^ d(u(c„)) = 0. Furthermore, by Lemma [37TI ^3 S < Cd(u n (t)). Integrating 



< C / d(« n (s))ds — > 0, 

n— ++00 



between c n and 6 n , we get, by Claim [37TT1 

11 

' "27 V 277TT 

which contradicts the fact that /U n (c ra ) = 2/ioo and fi n (b n ) — > ^oo, and thus concludes the proof 
of (I3T36D . 

By ()3.36p . fJ. n ( a n) is bounded. Claim [3.121 shows that d(u n (a n )) tends to 0, contradicting 
(|3.34p . The proof of Lemma 13.81 is complete. □ 
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Proof of Lemma \3.1(A It follows from the argument before Claim 13.111 that we may assume 
(|3.28p in addition to the assumptions of the lemma, so that by (|3.35|) 

3C > 0, Vn, CT 1 < inf ^(t) < C. 

t(z[ton>tln] 

Furthermore, in view of the continuity of /U n , there exist o n , b n G [ionj^in] such that 

Vn{a n ) = inf Mn(i), Vn{b n ) = sup fJ, n (t). 

te [ton, ti„] te [ton, *ln] 



By the bound 



a4W 
1W) 



< Cd(u n (t)), Claim [37TTI and Lemma [3781 . we get 
1 1 



lim 

n—*+oo 



0. 



In particular, /U n (6 n ) is bounded. Multiplying the preceding limit by fJ>n(b n ) yields (|3.27[) . □ 

Proof of Claim [57771 Let us consider, for R > 0, the function Gr„ defined as in Subsection 13.11 
by 

G R , n (t) = 2ImJ u n (t)Vu n (t) ■ Vip R 
(ipn is defined in Subsection 13. 1|) . 

Step 1: a bound for G^n- In this step we show that there exists a constant C > such that 
(3.39) Vi? > 0, Vn, Vt G (Win), |Gfl,„(t)| < CR 2 d(u n (t)). 

We have 

GR, n (t) = 21m J u n (t,x)Vu n (t,x) ■ RS7 '<p(x / 'R)dx. 

By Cauchy-Schwarz and Hardy inequalities \Gn ;n (t)\ < R ||u n ||^. 1 , so that it suffices to show 
(|3.39p when d(u n (t)) < 5± for some small 5\. In this case, one may decompose u n as in (|3.2ip . 
writing {u n (t))[e n (t),^(t)\ = W + v n (t), with ||u n (t)||^i < Cd{u n (t)) by Lemma ESI By the 
change of variable x 



Jhl (t) ! 



G Rt n(t) =2Im— ^— / ^4 U n (t, — ^rr-r) -j^z (Vu n )(t,—^—- 

Hn{t) J /i V( t ) V »n(t)S U K/ 2 (t) V Mn(^) 



/4T(*) 



dy 



Write 



Im [(W + U n )V (W + v n )]= Im (WV?; n + U n VVF + v n Vv n ) , 



and note that on the support of Vyf R-jjjjg ji (t) * s bounded by ||y. As a consequence 



of Cauchy-Schwarz and Hardy inequalities, we get the bound |G\R, n (i)| < CJ2 (||u r 



K(t)\\ 2 Hi), which y ields (E39]), for d(u n (t)) < 5i, 5i small. The proof of (|3.39p is complete. 



i + 
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Step 2: a bound from below for G' R n . The next and last step of the proof of Claim 13.111 is to 
show 

(3.40) 3Ro, Vi? > R , Vn, Vt G (Win), G' R>n {t) > j^^d(u n (t)) . 

It is clear that (|3.39[) and (|3.40p imply the conclusion of Claim [37TTI Indeed, integrating (|3.40j) 
between to n and t\ n we get 

tin 

d(u n (t))dt < G Ronton) + G Rotn (t ln ), 



N -2 



which shows the Claim in view of (|3.39p . 

Let us show (|3.40p . Recall that by direct calculation we have, as in (|3.9p . 

(3-41) G' Rjn (t) = J^d(«n(*)) + A R (u n (t)), 

where A R is defined by (|3,10p . We first claim the following bounds on A R (u n (t)): 

(3.42) Ve > 0, 3 Pe > 0, Vn, Vt G (ton, tin), Vi? > \A R (u n (t))\ < e 

A n (tJ 

(3.43) 35 2 > 0, Vn, Vt G (ton,<ln), Vi? > ' 



Mn(t)' 



1 



2 



d(«n(«)) < <5 2 =}► |ifl, n K(t))| < C — d(u n (t)) + d(«n(*)) 

\(12Mn(t))~ / 

The bound (|3.42p . follows directly from the compactness of K, assumption (|3,28p . and the 
bound (|3.12p of A R shown in the preceding section. 
Let us show (|3.43p . Write as before 

(3.44) K(t))[M*),M»(*)] = W + «n(t), \\vn(t)\\m < CdK(t)). 

In view of (|3.44|) . estimate (|3.43|) is an immediate consequence of the existence of 82 > such 
that 

(3.45) V 5 G £L\ V/i > 0, V-R > — , 



A R [(W + g)^ 



— TE^ hWm + \\9\\ 2 hi 



Let us show (I3.45p . A change of variable in A R gives .Ar^(W + 5 l )[^y 1 ]J = A Rfl0 (W + g). The 
function W is a stationnary solution of (jl.ip . satisfying d(W) = and Gr(W) = 0, so that 
by (HUD, A R (W) = for any R > 0. Thus we must bound Ar^W + g) - Ar imj (W). By the 
explicit form of A R , 



A R (f) = J |V/| 2 (4^ - 8) + \ff (-±A^ + 8 ) r N - l dr - J |/| 2 (A 
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and noting that the integrand in the first integral is supported in {|x| > R} and in the second 
integral in {R < \x\ < 2R}, we get 



\A RfM) (W + g) - A RfM> (W)\ < C 



J \Vg\ 2 + \VW -Vg\+W 2 *~ l \g\ + \g\ 2 *dx 



1 ,2> 



+ / 77^2 \ W \Q\ + \9\ ) dx 



1 R^o<\x\<2Rhq 

By explicit calculation, || VT4^|| Z/ 2 ( -^| :r |> p i.) 11^11^2* ({|a:|>p}) ~ n-2 f Qr large P- Hence, by Hardy, 

p 2 

Sobolev and Cauchy-Schwarz inequalities 



\A RfM) (W + g) - A RfM> (W)\ < C 



ii 2 ii 2 * I I ii i 

WWffl + WaWfjl + — ~W=2 + — -N+2 \\9\\h1 

\(RHo) 2 (R»o) 2 / 



which yields (pT4"5j) . and thus (pT33j) . 

We are now ready to show (|3.4Q|) . By assumption (|3.28p . A n (i) is bounded from below. By 
(|335D . Hn(t) > C* > 0. Thus (|S35D implies for some <5 3 > 0, R x > 

d(u n (t)) <5 3 , R>R 1 ^ \A R (u n (t))\ < ^dK(t)). 

Now, using 

(ED with e = and again we get \A R {u n (t))\ < j^d(u n (t)) for 

d(u„(t)) > 5 3 , R > R 2 . In view of (pTlT]) . estimate (ETlOl) holds with i? := max{fli,i? 2 }, 
which concludes the proof of Claim 13.111 □ 

3.4. Proof of the convergence as t goes to infinity. Let us show Proposition 13.11 and 
Corollary 13.21 Let u be a radial solution of (jl.ip satisfying (|3.ip and (|3.2|) . 

Step i: convergence of d(u(t)) to 0. We first prove (|3.5|) . From Corollary 13.41 there exists a 
strictly increasing sequence (i n ) n eN such that: 

lim i n = +oo, lim d(u(t n )) = 0. 

n^+oo n— >+oo 

Let ion = tnj ^ln = t n +i, and A n (i) = A(i), where A is given by Proposition 12.11 Then the 
sequences (u n ) n , (ton)n> {t\n)n and (A n ) n clearly satisfy the assumptions of Lemma 13.81 Hence 



lim [ sup d(u(t)) = 0, 

, t£[tn,t„ + l] J 



n— >+oo 



which clearly implies (13.51) . 

As a consequence of (|3.5p . we may decompose u for large i as in (|3.21|) : 

U[e(t),m = ( 1 + a $)) W + «(*)» "(*) G i7± - 

If 0, fj, and a are given by the preceding decomposition, the conclusion of Proposition 13.11 is 
equivalent to the existence of fi^ > 0, G M and c, C > such that 



(3.46) d(«(t)) + |a(t)| + + |0(t) - ^oo| + |ju(t) - Mool < Ce 



-ct 
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Step 2: convergence of /i. We start to show by contradiction that fi(t) has a limit fioo £ (0, +oo) 
as t — ► +oo. If not, log(//(t)) does not satisfy the Cauchy criterion as t — > +oo, thus there exists 
sequences T n , T' n — > +oo such that 

(3-47) hm ^|| = L/1. 

Without loss of generality, we may assume T n < T' n . By the preceding step, d(u(T n )) and 
d(u(T^)) tends to 0. Let u n = u, to n = T n , t\ n = T' w and X n (t) = X(t), where A is again given 
by Proposition 12.11 Then the assumptions of Lemma 13.101 are fullfilled, which shows 

hm lnfr ^ r " ^) = L 

rw+oo SUp Tn <i< T / H(t) 

This contradicts (|3.47p . Hence 

(3.48) lim fi(t) = /ioo e (0,oo). 

Step 3: proof of Proposition \3.l\ We are now ready to prove (|3,46p , which will complete the 
proof of Proposition 13.11 Let us first show that d(u(t)) tends exponentially to 0. We first claim 
the following inequality 

r+oo 

(3.49) 3C > 0, Vt > 0, J d(u(T))dr < Cd («(*)). 
Indeed if (|3.49[) does not hold, there exists a sequence T n — ► +oo such that 



(3.50) / d(u(r))dr > nd(u(T n )). 

By ()3.48p . n(t) is bounded from below. As usual, this implies that the parameter X(t) of 
Proposition 12.11 is bounded from below. By Step 1 of the proof, the assumptions of Claim 13.111 
are fullfilled for the sequence (uk)k, with k = (n,n'), n < n' , and Uk = u, Xk(t) = X(t), iofc = T n 
and t±k = T n >. Hence 

f T n> 

Vn,ri,n<n', / d(u(t))dt < C[d(u(T n )) +d(u(T„/))], 

Thus f^°d(u(t))dt < Cd{u(T n )) which contradicts (f33Q|) . showing (fCTD . 
Now by (|3.49p we have, for some constants C, c > 

/■+OC 

y d(«(r))dr < Ce~ ct . 
Together with the estimate |a'(£)| < Cd(u(t)) of Lemma [3771 we get 



\a(t)\ 



a'(r)dT 



< Ce 



-ct 



Recalling that by Lemma 13771 \a(t)\ d(u(t)), we get the bound on d(u(t)) in (|3.46[) . 

Estimate (|3.46p is then a straightforward consequence of the estimate + \6'(t)\ + 

tjjjQ < C fi 2 (t)d(u(t)) of Lemma IH7T1 and the boundedness of fi. The proof of Proposition 13. II is 

complete. 
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Proof of Corollary \3.S[ We must show that there is no solution u of (jl.ip satisfying (|3.ip and 
(|3.3p . Let u be such a solution. By Proposition 13.11 applied forward and backward, the set 
{u(t), t £ R}, is relatively compact in H . Furthermore 

lim d(n(t)) = lim d(u(t)) = 0. 

t^+OO t^t — CO 

By Claim [37TT1 with = u n (t), to n = —n, t\ n = n and A n (t) = 1, we have J_°° d(u(t))dt = 
lim n ^ +00 J^ n d(u(t))dt = 0. Thus d(uo) = which contradicts (|3.ip . Corollary [321 is proven. □ 

4. Convergence to W in the supercritical case 
In this section we consider a solution of (jl.lj) with initial condition «^=o = no an d such that 
(4.1) E(u ) = E(W), \\u \\hi > \\W\\hi- 

Proposition 4.1. Let u be a radial solution of (jl.lj) satisfying (j4.ip and defined on [0, +oo). 
Assume furthermore that no E L 2 (M Ar ). TTien t/tere exist constants 9q G R, /Uo, c, C > snc/t 

(4-2) Vt>0, <Ce- c *. 

^4 similar result holds for negative times if u satisfies (j4.ip and is defined on (— oo,0]. 

Corollary 4.2. Lei u be a radial solution of (jl.lj) satisfying (j4.ip and swc/i t/iat no € Z/^M^). 
T/ien n is not defined on M. 

The proof relies again on the localized virial argument. Consider a radial function in 
C$°(R N ) such that 

(4.3) tp(r) = r 2 , r< 1, p(r) > and 4"?(0 < 2, r > 0. 

Consider the function G R of Subsection 13.11 

G R (t) := 21m [ u(t)Vu(t) • V<p R = H' R (t), H R (t) := [ \u{t)\ 2 ^ R . 

where <p R (x) = R 2 tp (|), 

As usual, the key point of the proof is to bound G R and G' R . 



Claim 4.3. Under the assumptions of Proposition [777] , there exist constants C,Rq > (depend- 
ing only on J \uo\ 2 ), such that for R > Rq, and all t > 

(4.4) G R (t) < CR 2 d(u(t)), 

(4-5) G' R (t) < - J A-d(u( f )). 

Let us show that Claim 14.31 implies Proposition 14.11 
Proof of Proposition \4-l\ Step 1: exponential convergence ofd(u(t)). Let us prove 

(4.6) 3c, C > 0, Vt > 0, d(n(t)) < Ce~ ct . 
Fix R> Rq. We first remark 

(4.7) Vt > 0, G R (t) > 0. 
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Indeed by (|4.5p . Gr is strictly decreasing with time, so that if Gji(to) < for some to > 0, then 

Vt > t + 1, fffl(t) = Gfl(t) < G R (t + 1) < 0. 

This contradicts the fact that (p R is positive and u defined on [0, +oo), proving (|4.7|) . 

Consider two positive times t < T. Integrating (|4.5p between t and T, and using (14. 4p . we get 

(4.8) J^d(u(s))ds < G R (t) - G R (T) < G R (t) < CR 2 d{u(t)). 

Letting T tends to infinity yields, J* t + °° d{u{s))ds < Cd(n(t)), for some C > and thus, by 
Gronwall Lemma 

/+oo 
d(u{s))ds < Ce~ ct . 

Our next claim is that 

(4.10) lim d(u(t)) = 0. 

Indeed, by (14. 9h . there exists t n — > +oo such that d(u(t ra )) — > 0. Assume that (14.10P does not 
hold. Then, extracting a subsequence from (t n ), there exists t' n > t n such that 

d(<u(t'J) = <5 , and Vt G (t„,t'J, < d(u(t)) < <5 , 

where Jo is such that (|3.2ip and Lemma 13.71 hold. Consider the parameter a of decomposition 
(I3T2TT) . By LemmaEZl |a'(t)| < Cd («(*)), for t G [t n ,t'J thus (JOJ implies that a(t n ) - a(t^) 
tends to 0. Furthermore, again by Lemma [377] |a(t)| ~ d(u(t)), which shows that d(u(t' n )) tends 
to 0, contradicting the definition of t' n . Hence ()4.10p . 

By ()4.10p . the parameter a(t) is well defined for large t. In view of the estimates |a'(t)| < 
Cd(u(t)) and \a(t)\ « d(u(t)), (32} yields (IO|> . 

.Step 2; convergence of fi(t) and end of the proof Let us prove 

(4.11) lim fi(t) = Hoc G (0,oo). 

By (JOJ) and the estimate < Cd(u(t)) of Proposition E21 we know that ■}, , satisfies the 

Cauchy criterion of convergence. This shows that ]hn.^ +0O fi(t) = fi^ G (0, +oo]. It remains to 
show that /loo is finite. 

Assume that [loo = +oo. As u^m^m] tends to W in H , it implies that for any e > 0, 
Jjx|>e \ u \ 2 tends to as t tends to oo. By Holder inequality and the boundedness of f \Vu(t)\ 2 , 
this shows that lim t ^ +00 H R (t) = 0. Since by (14. 7p . H' R {t) = G R {t) > 0, this implies that 
H R (t) < for t > which contradicts the fact that (p R is positive. Hence (|4.1ip . 

In particular, /i is bounded. Thus by Lemma 13.71 

h - W [emim \\ Hl + |//(t)| + \9'(t)\ < Cd(u(t)) < Ce~ ct , 
which shows the Proposition. □ 

Proof of Corollary Let u be a solution of (jl.ip satisfying the assumptions of the corollary 
and defined on M. Then by Proposition 14.11 

(4.12) lim d(u(t)) = 0. 

t— +±oo 
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Define G R (t) as in the proof of Proposition 14.11 Applying Claim 1*01 to t t— > u(—t), we see that 
it holds also for negative times. By (|4"3]h G^(i) < and by flOD and (fl~12j) G R (t) -> for 
i — > ±oo. This is a contradiction, yielding the corollary. □ 

Proof of Claim \4^3\ As in the proof of Lemma [373], since E(uq) = E(W) and ||«o|liji > ||W||#i 
(4.13) G' R (t) = 8 (7 \Vu\ 2 - J \u\ 2 *^j + A R (u(t)) = --^-d(u(t)) + A R (u(t)), 



N-2 



where A R is defined in (|3.10p . 



Step 1: a general bound on A R . We show that there exist C\,R\ > (depending only on f |tio| 2 ) 
such that 

(4.14) VR>R x ,Vt>V, A R {u{t))<\^ + -^\\u{t)\\f~> 

Indeed, according to (|3.10p . the definition of tp R and (|4.3p . 
A R (u(t))= [ \Vu(t)\ 2 (^-%)r N ^dr 

I *^ I ^ 

+ J >R Wt)\ 2 * (-±A<p R + 8) r N ~ l dr- j \u(t)\ 2 (A 2 (p R )r N ~ 1 dr 



< C 



l\x\>R 

\u(t)\ 2 *dx + -^\\u(t)\\h- 
l\x\>R K 

To bound the first term, we will use the radiality of u(t) and Strauss Lemma [Str77a] : 
Lemma 4.4. There is a constant C > such that for any radial function f in H 1 (R N ) 

^, N>i, < i^i)72 ll/ll^ll/t 7 ?- 

4 

We have \u(t)\ 2 * < \\u(t)\\^~ 2 ^ x ^ R y^\\u(t)\\ 2 L2 , and thus, by LemmaHm 



r rt 2 2JV-2 

(4.15) / iiiwrcfc^-^-Hucoiij-'K^ii^- 9 

which concludes the proof of (|4.14p by the conservation of the L 2 -norm. 

Step 2: estimate on A R when d(u(t)) is small. Let us show that there exists 52,R2,C 2 > 
(depending only on J \uq\ 2 l2 ) such that 

(4.16) Vt > 0, VR > R 2 , d(u(t)) < 5 2 =► \A R (u(t))\ < C 2 ( —J=5" d («(*)) + d M*)) 2 

Taking a small #2, we write by (|3.2ip . uwm^wi = W + v, with < Cd(u(i)). In view of 

the bound (|3.45p of A R shown in the preceding section, it is sufficient to prove 

(4.17) ft_ := inf{A*(t), * > 0, d(u(t)) < 5 2 } > 0. 
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Inequality (|4.17p follows again from the fact that uq is in L 2 . Indeed, if d(u(t)) < 82 we have, 
from the conservation of the L 2 norm, the equality umw^mi = W + V and Lemma I37T1 



[x[<l 



W 2 ) -C8\ 



(4.18) ||u ||i 2 > / \u(t)\ 2 = -4j / |«K*)](*)| 2 ^ TTfis 

If <?2 is small enough, this shows (|4.17|) . and thus the announced inequality (|4.16p . 
Step 3: conclusion of the proof. In view of (|4.13p . it is sufficient to prove 

(4.19) 3R > 0, Vi? > Rq, Vt > 0, \A R (u(t))\<j^-^d(u(t)). 

From (|4TT6|) . there exist 6 3 , R 3 such that (|4TT9|) holds if i? > R 3 and d(ti(i)) < 5 3 . Let i? 4 > 
and 

where Ci is given by step 1. Clearly, <£/j 4 is concave. Chose -R4 > R2 large enough so that 
$^(£3) < 0> Sj^Ofe) < 0. Then <S>r 4 (5) < for all 5 > S3. Thus (gUj) implies (|419j) when 
i? > i?4 and 5 > £3, which concludes the proof of (|4.19p with i?o := max{i?3, -R4}. The proof of 
Claim I3~3l is complete. □ 



5. Preliminaries on the linearized equation around W 

By Propositions 13.11 and 14. 1\ in order to conclude the proofs of Theorems [T] and [2J we need 
to study solutions u of (jl.ll) on [to, +00), (to > 0) such that 

(5.1) \\u(t) - W\\ 6 i < Ce" 70 ', E(u) = E{W) 
for some 70 > 0. 

We will write indifferently f = fi + if 2 or / = (y ) for a complex valued function / with 
real part f\ and imaginary part f2- For a solution u of (II. ip satisfying (|5.ip . we will write 

:= u(t) - W. 

Equation (II. lh yields 

(5.2) dtv + + R(v) = 0, £:= (^_ A _ ^ Pc -i ^ J, 

i?(u) : = _j \W + w| Pc_1 (W + v) + iW Pc + ipcW'-V - W Pc ~ l v 2 . 

The proofs of our theorems in Section [6] rely on a careful analysis of solutions of the linearized 
equation dfh + Ch = e, with h and e exponentially small as t — * +00. Before this analysis, 
carried out in Subsection 15.3^ we need to establish some spectral properties of C and Strichartz 
type estimates for the equation. 
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5.1. Spectral theory for the linearized operator. We are interested here by real eigenvalues 
and other spectral properties of C. Note that by direct calculation, 

(5.3) C(iW) = C(Wi) = 0. 

Lemma 5.1. The operator C admits two eigenf unctions y+, y~ G S with real eigenvalues 

(5.4) cy + = eo y + , £y„ = -e y-, y+ = y-, e G(0,+oo). 
See Appendix 17.21 for the proof. 

Consider the symmetric bilinear form B on H 1 such that Q(f) = B(f,f), where Q is the 
quadratic form of Subsection 13.21 

B(f,9) = l j VA-Vffi-| J figiW p ^ 1 + ^ j Vf 2 -Vg 2 -^ j fmW**- 1 = \lm j '{Cf)g. 
As a consequence of the definition of B we have, 

(5.5) B(f,g)=B(gJ), B(iW, f) = B{W\, f) = 0, V/^Gtf 1 

(5.6) B(Cf,g) = -B(f,£g), V/,g G H 1 , Cf,Cg G H 1 

(5.7) Q(y + ) = Q(y_) = o, B(y_,y + )^o. 

Indeed, the only assertion which is not direct is the fact that B(y^,y+) ^ 0. To prove it, 
one may argue by contradiction. If B(y~,y+) was 0, B and Q would be identically on 
span{Wi, iW,y~,y+} which is of dimension 4. But Q is, by Claim [375], positive definite on H^~, 
which is of codimension 3, yielding a contradiction. 

By (|5.6p . C is antisymmetric for the bilinear form B. In the following lemma, we give a 
subspace G± of H , related to the eigenfunctions of C, in which Q is positive definite. 

Lemma 5.2. Let G± = {w G H 1 , (iW,v) 6l = (Wi,v)fr = B(y + ,v) = B(y_,v) = o} . Then 
there exists c > such that 

(5.8) V/ed, Q(f)>c\\ff 6l . 

Note that G± is not stable by C. Lemma [5 . 2 1 implies the following characterization of the real 
spectrum of C 

Corollary 5.3. Let cr{C) be the spectrum of the operator C on L? of domain D(C) = H 2 . Then 

a(C)DR = {-e ,0,e }. 

Proof of the corollary. By Lemma 15.11 {— eo,eo} C cr(C). Furthermore, the operator £ is a 

compact perturbation of f ^ , thus its essential spectrum is iR. Consequently, G &(£), 

and ct(C) n M* contains only eigenvalues. It remains to show that — eo and eo are the only 
eigenvalues of C in R*. Assume that for some / G H 2 

Cf = exf, e 1 ei\{-e ,0 1 e }. 

We must show that / = 0. By (jOjh (ei + e )B(f,y + ) = (ei - e )B(f,y^) = and thus 

B(f,y+) = B(f,y_) = o. 

Write 



f = fhW + <yW 1 + g, ^G ± ,P=^-, 1=W ^- 
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Again by (|5.6[) . B(f,f) = and thus B(g,g) = 0. This implies by Lemma 15.21 that g = and 
thus e\f = Cf = (3C(iW) + ^CW\ = 0. Recalling that e\ ^ 0, we get as announced that / = 0, 
which concludes the proof of Corollary 15.31 □ 

Proof of Lemma \5.2l Recall from Claim 13.51 that there exists a constant c\ such that 
(5-9) VgeH 1 , Q(g)> Cl \\g\\ 2 Al . 

Let / G G±. We will eventually deduce (15. 8ft from (|5.9p . Decompose /, 3^+ and y^ in the 
orthogonal sum H 1 = H ® H^: 

(5.10) f = aW + h, y + = T)tW + £Wi + £W + h + , V- = -ffiW + £W X + £W + h-> 
where h,h + ,h_ G H ± , h- = h+. 

Step 1. We first show 

(5.11) B^ + ,h)B(h_,h) £ 

Note that if h G H 1 , B(W, h) = \ J VW • V/ii - f / VF Pc /ii = ^ / VVF • V/ii = 0. By (l53jh 
(jSTfl) and ([5TTD|I . we have 

(5.12) = Q(y + ) = ( 2 Q(W)|Q(/ l+ ), o = Q(X) = C 2 Q(V^)+Q(/i-). 
Furthermore, developping the equalities B(f,y + ) = B(f,y_) = with (|5.10p we get 

(5.13) aQQ{W) + /i+) = aQQ{W) + B(fr, = 0. 

By flOD, Q(/) = a 2 Q(PT) + Q(/i), and (RTTTll follows from (EU2l) and (jHHJ). 

Step 2. We next prove the following assertion: 

The functions h + and h_ are independent in the real Hilbert space H l . 
Note that /t+ =h~. Thus it is sufficient to show 

(5.14) hi := Reh / and h 2 := Imh + 0. 
Write y t = Rey+,y 2 = Im^+. Then ([531) writ es down 

(5.15) (A + W Vc - x )y 2 = eo^i, (A +p c VF Pc_1 )^i = -e ^ 2 . 

We show (|5.14p by contradiction. First assume that h% = 0. Then by (|5.10p . y 2 is in span(W), 
so that (A + W Pc ~ 1 )y 2 = 0. By ([515]) . we get that ^ = and ^2 = 0, which contradicts the 
definition of y + . 

Similarly, assuming that hi = 0, and recalling that (A + p c W Pc ~ 1 )Wi = 0, we get by (j5TTU|) 
and (E35D that = and thus ^i = - C(Pc .~ 1) (A + W^ -1 )^. Now, y x = 

£Wi + (W '. This implies that (A + W Pc ~ 1 )W Pc is in spanjVF, Wi}, which is not the case as a 
direct computation shows. Hence (|5.14p which concludes this step of the proof. 

Step 3: conclusion of the proof. Recall that Q is positive definite on H^~. We claim that there 
is a constant b < 1, such that 



(5.16) VX G H A 



B(h + ,X)B(h^,X) 



< bQ(X). 
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Indeed it is equivalent to show, by orthogonal decomposition on H 1 - related to B 

(5.17) (,:= m» ( fit±^ )( ) -■ 

Applying twice Cauchy-Schwarz inequality with B, we get b < 1. Furthermore, if 6 = 1, 
there exists X ^ such that the two Cauchy-Schwarz inequalities are equalities and thus 
X G span{/i + } Pi span{/i_} = {0}, which is a contradiction, showing ()5. 16j) . 
By dSSJ), (|5TTl) and (pTTfil) 

(5.18) Q(/) > (1 - 6)Q(fc) > d(l - 6)11^11^. 

Noting that by ([5TT0]) . = a 2 Q(W) + and recalling that Q(W) < 0, we also get by 

the first inequality in (|5TT8j) that bQ(h) > a 2 \Q(W)\. Hence 

CQ(/)>a 2 |n|^ 1 + 11^11^ = ||/||^, 

which concludes the proof of Lemma 15.21 □ 

5.2. Preliminary estimates. In this subsection we gather some elementary estimates needed 
in the sequel. We start with bounds on the potential and nonlinear terms of equation (|5.2p . Let 

(5.19) V(v) := W Pc ~ x Re v + pW Pc ~ x Im v, 
so that equation (|5.2p writes as a Schrddinger equation 

(5.20) id t v + Av + V(y) + iR(y) = 0. 

We start to recall standard Strichartz estimates for the free Schrddinger equation (see [Str77bl 
IGV851IKT98] ). 

Lemma 5.4. Assume N > 3 and, for j = 1,2, let (pj,qj) such that (^- + ^ = -j, pj > 2). 
Denote by p'j and q'j the dual conjugate exponents of pj and qj . Then 

(5-21) \\e ltA uo\\ L p 1{RtLqi) < C||uo|| L 2 



(5.22) 



(5.23) 



>-oo 

J(s-t)A 



f(s)ds 



< C \\f\\rP' 2 ( U T l2\ 



e isA /(s)ds 



^ < c'll/IU^)- 



If I is a time interval, we will be interested in the spaces S(I) and Z(T) defined in (|2.4p as 
I; L which is the dual of the endpoint Strichartz space ). 
Holder and Sobolev inequalities yield immediately: 
Lemma 5.5 (Linear estimates). Let f G L 2 (H. J. T/ien 
(5-24) ||V(/)|| l ^ <C||/|| i2 .. 

Lei I be a finite time interval of length \I\ and f G S'(J) swc/t t/iai V/ G Z(I). Then, there 
exists C independent of I, f and g such that 

(5-25) ||/|| 5(/) < C||V/|U (/) 

(5-26) l|VV(/)|U (/) <|/|^||V/b (7) . 



DYNAMIC FOR ENERGY CRITICAL NLS 29 

The proof of following lemma, given in the appendix, is classical. 
Lemma 5.6 (Non-linear estimates). Let f,g be functions in L 2 * (R N ). Then 

(5.27) \\R(f) - R(g)\\ L ^ <C\\f- g\\ L2 * (||/|| i2 * + \\g\\ L ,* + WfW^: 1 + Wgf^ 1 ) . 

Let L be a finite time interval and f,g be functions in S(L), such that V/ and Vg are in Z(I). 
Then 

(5.28) \\VR(f)-VR(g)\\ N{I) < 

C ||V/ - Vg\\ z(I) [|J|TO (||V/|| Z(J) + HV^IUco) + IIV/II^) 1 + HVsll^ 1 

We finish this subsection by showing Strichartz estimates on exponentially small solutions v 
of (ET2D. 



Lemma 5.7 (Strichartz estimates). Let v be a solution of (|5.2p . Assume for some cq > 0, 

(5.29) 3C>0, \\v(t)\\ til <Ce~ Cot . 
Then, for any Strichartz couple (p,q) (| + ^ = -y , p > 2) 

(5.30) 3C > 0, \\v\\ s{t , +oo) + \\Vv\\ LP{t , +00 . Lq) < Ce- cot . 

Proof. We will first estimate |Mls(i,+oo) + [|Vu ||z(t,+oo)- According to the following claim, we 
juste need to estimate \\v \\s(t,t+T ) an d ||Vu||^( tit+T0 ) for some small tq > 0. 

Claim 5.8 (Sums of exponential). Let to > 0, p G [l,+oo[, ao ^ 0, E" a normed vector space, 
and f G L\ QC (to, +oo; E) sitc/i 

(5.31) 3r > 0, 3C > 0, Vt > * , 11/11^,*+^) < V'- 
JTien /or t >to, 

Cne a °* Cne aoi 
(5-32) [l/H^+oo^ < i/ ao < 0; ||/||^ ,, E) < 1 _° e _ a(iT0 a > 0. 

Proof. Assume oq < 0. Summing up (|5.3ip at time t = to, t = to + To, t = to + 2ro, . . . , and 
using the triangle inequality, we get (|5.32p . The case ao > is analogue. □ 

By (ODD, 

(5.33) id t Vv + A(Vu) + V(V(u) + ifl(v)) = 0. 

Let t and r such that < t, < t < 1. By Strichartz inequalities (|5.2ip and (|5.22p . and 
equation (|5.33|) 

\\Vv\\ z(ttt+T) < C(\\v(t)\\ 6l + \\V(V(v) +R(v))\\ 
Thus by Lemmas 15.51 and 15.61 

l|Vu||z( tlt+ r) < C{\Wt)\\m +r N ^\\Vv\\ z(ttt+T) +rOTI||Vt;||| (tit+r) + ||Vu||£ (m+t) ) 
Using assumption (|5.29p . we get, for some constants K > and «at > 

(5.34) ||V^|U (t)t+r) <K{e- cot + T a »\\Vv\\ z{t<t+T) + ||V^||| c (M+r) } . 
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We claim that it implies that for large t 
(5-35) ||V^|| z(t)t+To) < 2Ke~ cot , r : 



/ojv 



(3ir)!A 

Indeed, fix t > 0. Then (j5TM|) implies ||Vu|| z(t)t+T ) < 2Ker cot for small r. If (j5\35j) does not 
hold, then there exists r G (0, to] such that || Vw|| Z ( t <+r ) = 2i^e~ c °*, contradicting (15. 34ft if t is 
large. Hence (|5.35p . 

By Claim 15.81 and Sobolev inequality (|5.25|) 

(5-36) h\\s(t, + oo) + ||V«|| Z (t,+oo) < Ce~ cot . 

Now take any Strichartz couple (p, q). Then by (|5.33|) . Strichartz estimates (I5.21D and (15.22|) 

and Lemmas [53] and EiH \\Vv \\u>(t t t+i;Li) - C (jKOIIz/i + l|Vv||z(t,t+l) + ll^ u llz(t t+i)) • Tnus 
(|5.36p implies the bound || Vi>[|£p(t,t-fi;Z9) < Ce~ C()t , which concludes, by Claim [STHl the proof of 
the lemma. □ 

5.3. Estimates on exponential solutions of the linearized equation. Let us consider the 
linearized equation with right-member 

(5.37) d t h + Ch = e 

with h and e such that for t > 0, 

(5-38) l|Ve|U {ti+oo) + Mt)\\ L ^ < Ce~^\ 

(5.39) \\h(t)\\ Hl <Ce- cot , 

where < cq < c\. The following proposition asserts that h must decay almost as fast as e, 
except in the direction y + where the decay is of order e _e °*. 

Proposition 5.9. Consider h ande satisfying (|5.37p . (|5.38p and (|5.39p . Then, for any Strichartz 
couple (p, q) : 

• if c < ci < e or e < cq < c\, 

(5.40) Vr? > 0, \\h(t)\\ til + HV^II^^+oojw) < C v e~^-^; 

• */ Co < eo < ci , i/iere exists A + G K swc/i i/iai 



(5.41) Vr/>0, /i(t) - ^ +e - eo ^+ . + V(h - A + e~ eot y + ) 



LP(t,+oo;L<J) 



Proof of Proposition \5.9[ We will start by proving (|5.4U|) . In view of the following claim it is 
sufficient to prove only the bound of the if 1 -norm. 

Claim 5.10. Consider h and e fulfilling ()5.37j) . (|5.38p and (|5,39p with < cq < c\. Then for 
any Strichartz couple (p, q) 

(5-42) \\Vh\\ LP(ti+00 . Lq) < Ce~ cot . 

We will omit the proof, which is a simple consequence of Strichartz inequalities and of Lemma 
15.51 and is similar to the proof of Lemma 15.71 
Let us decompose h(t) as 

(5.43) h{t) = a + (t)y + + a-(t)y„ + p(t)iW + i(t)W 1 +g(t), g(t) G G±, 
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where (recall that by (jESJ) and (|57r) . 5(iW, •) = B(W U ■) = and Q(^+) = QCV-) = 0) 
(5.44) a_ := — — — — -, a + 



(5-45) ^ : =_l 5 -(/ l _a + 3; + -a_y_,iW r )^ 1J 7 := (h - a+y + - a_y.., Wi 



In the sequel, we will assume without loss of generality 

(5.46) ci / e . 
We divide the proof into four steps. 

iStep 1: differential equations on the coefficients. We first claim 

(5.47) ± (e«< Q+ ) . *g<^> , 4 («-«'«-) - B(M 



e 



dt y ^' B(y+,y_y dt^ ~~> B(y+,y_y 

(5.48) d -^ = 2B(h,e), f = ^^, £ ,U '">. 

Where 

(5 - 49) £ - =£ ~ my^y~) y+ ~ m^y-) y - ~ Ca - 

By equation (|5.37|) . 

B(y-,d t h) + B(y_,£h) = B(y_,e). 

Furthermore B(y_,$/i) = f f B(y^,h) and by B(y_,£h) = -B(Cy„,h) = e B{y_,h). 

In view of (|5.44p . we get the first equation in (|5.47p . A similar calculation yields the second 
equation. 

By equation (jOTjh B(h,d t h)+B(h,Ch) = B(h,e). Furthermore by ([5U]) . B(h,Ch) = which 
yields the equation on Q(/i) in (|5.48p . 

It remains to show the equations on (3 and 7. Differentiating (|5,45p . we get 

f3'(t) = —^(e,iW) til , i{t)= 1 {e,W x ) kl , e := e - Ch - a' + y + - cO_. 
Now, noting that by (|5.43[) . Ch = a + eoy+ — a_eoy_ + £(<?), and using (|5.47p . we obtain 

B(y- >£ ) g(y + , g ) 

which yields the desired result. 

Step 2: bounds on a_ and a + . We now claim 

(5.50) \<x-(t)\ < Ce~ Clt 

/,m\ u /^i ^ / Ce~ Clt if e < c , 

(5 - 51) W^lC^ + e-"*) ifc <e . 

Let us first show the following general bound on B. 
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Claim 5.11. For any finite time-interval I, of length \I\, and any functions f and g such that 

2N 

f G L°°(I,L7m), Vf G N(I), g G L°°(I,L 2 ) andVg G L 2 (I,L 2 ), 



l|v/lk w ||v,|| z2(jii2 , ) + |/| 11/11^ (^llsll^^) 



\B(f(t),g(t))\dt<C 
Proof. We have 

2B(f(t),g(t)) = a{t) + b(t), where a(t) := f V/i(t)V^i(t) + / V/ 2 (*)V<»(t) 

JR^ JR^ 

b(t):=- Pe f W^hi^t)- I W^hit^it). 

By Holder inequality 

laWldt^CIIV/II^UVtfll^^j, |6(t)|<C||/(t)||^ IbWII^JI^- 1 !!^. 

Integrating the estimate on 6(i) over I and summing up, we get the conclusion of the claim. □ 

Assumption (15.381) on e, together with the preceding claim yields the inequality 

t+i 

\e- eoS B(y + ,e(s))\ds < Ce~ {e ° +Cl)t . 

By ClaimESl / t °° \e~ e ° s B(y + , e(s))\ds < C e -( e o+ c i)*. Integrating the equation on q_ in (15^7]) 
between t and +oo, we get ()5.50p . 

Let us show (|5.5ip . First assume that Co > eo- Thus by assumption (|5.39p . e eot a + (t) tends 
to when t tends to infinity. Furthermore c\ > cq > eo, and thus by assumption (|5,38p . Claims 
I5.11l and l5.8l f^ 00 \e e ° s B(y_, e(s))| ds < Ce^ eo_Cl ^. Integrating between t and +oo the equation 
on a + in (|5.47p we get (|5.5ip if cq > eo- 

Now assume that cq < eo- By (|5.47p 

a+(t)=e- e ° t a+(Q)+ / e<* 8 B{y., e{s))ds . 

B(y + ,y_) j 

V V ' 

(a) 

If Co < eo < ci, assumption (|5.38p and Claim [BTTTI imply that the integral (a) is bounded, which 
shows (]5.5ip in this case. 

It remains to show (15.5ip when co < c\ < eo • By (I5.38P , Claim 15.111 and Claim 15.81 I (°0 1 < 
(7 e (eo-ci)^ w ] 1 i c ] 1 yields again (|5,5ip . Step 2 is complete. 

Step 3: bounds on \\g\\fji, P and 7. We next prove 



c 0+ c l 



(5.52) \\ g ( t )\\ H1 + \(3(t)\ + \ 7 (t)\<Ce 

By Claims[5l0]and[5lll assumptions (OS]) and ([539]) yield \B(h(s),e(s))\ds < Ce"^ ^*. 
Integrating the equation on Q in (|5.48p between t and +00 and using Claim 15.81 we get 

(5.53) \Q(h(t))\ < Ce- (co+Cl)t . 
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Thus 



By (15301) and (153TJ) 



\Q(g)\ < 



\Q(a+y+ + a-y- + (3iW + jW 1 +g)\< Ce^ Co+c ^ 
\2a+a„B(y + ,y_) + Q(g)\ < Ce~^ +C ^. 



if c > e 

C ( e - {co+Cl)t + e - {eo+cl)t + e- 2cit ) < Ce-( co+C1 ^ if c < e . 



As a consequence of the coercivity of Q on Gj_ (Lemma 15. 2p . we get the estimate on ||<?||^i in 
(|5.52p . It remains to show the bounds on (5 and 7. 

Consider the function e defined in (|5.49p . By assumption (|5.38j) 



(5.54) 



rt+l rt+l 

J \(iW,e(s)) Al \ds<Ce~ clt + J \(W, £g(s)) til \ds 



We have (W,Cg) Al = Re f -A(W)Cg = - Re/ £*(AW)g, where C* is the L 2 -adjoint of C. 

2N 

Note that C*(AW) = C*W Pc is in L N + 2 (indeed by explicit computation, it is a C°° function 
of order ^ 2 \i+i a ^ infinity). Thus, by the estimate on ||g||^i in (|5.52|) . 



\(Cg(t),W) Al \<C\\g(t)\\ L2 * <Ce 



-0 + c l 



In view of Claim 15.81 and (I5.54h , we get the bound on (3 in (|5.52p . An analoguous proof yields 
the bound on 7. 



Step 4-' conclusion. Summing up estimates (|5.50p . (|5,5ip and (|5.52p . we get, in view of decom- 
position (|5.43p of h. 



\\h(t)\\Hi < 



c 0+ c l 



Ce 1 -' 
C 



e~ eot + e 



-(£0+£L) t 



if c > e 
if c < e . 



Proof of (|5.40p . Iterating the argument we obtain the bound ||/t(t)||.ffi — C^e - ^ 1- * 7 )* if Co < 
c\ < eo or eo < Co < ci, which yields (together with Claim [57TU]) . the desired estimate (|5.40p 
Proof of (|5.4ip . Let us assume Co < eo < c%. Then the equation on a + in (|5.47p shows that 
e e °*a_|_(i) has a limit A + when t — * +00. Integrating the equation between t and +00, we get 
(in view of Claim 15. lip 

A + - e^ a+ (t) = e^£°° ^ff^ = 0(e^~^) . 



By decomposition (|5.43p and estimates (I5.50P and (|5.52[) . we get \\h(t) — A + e e °*3 ; 4 



< 



c 0+ e l 



Ce V 2 J . Furthermore, h\{t) := h(t) — A + e~ eot y + satisfies, as h, equation (|5.37p . Thus 
the estimate (|5.40p shown in the preceding step implies (|5.4ip . The proof of Proposition 15.91 is 
complete. □ 
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6. Proof of main results 

We now turn to the proof of Theorems [T] and [2j In Subsection [lOl we show the existence of the 
solutions of Theorem [1] by a fixed point, approaching them by approximates solutions W£ 
of (jl.ip constructed in Subsection 16.11 and converging exponentially to W for large t. Subsection 
16.31 is devoted to the conclusion of the proofs of the theorems. 

6.1. A family of approximate solutions converging to W. 

Lemma 6.1. Let a € M.. There exist functions {$j)j>i in S(ML N ), such that &f = a~y + and if 

k 

(6.1) W£(t, x) := W(x) + e~ jeot ^(x), 

3=1 

then as t — > +oo, 

(6.2) id t W% + AW£ + \W%\ Pc ~ V fc a = O(e-( fe+1 ) eo *) in S{M N ). 

Remark 6.2. Let e a k := id t Wg + AWg + | W^| Pc_1 ^. By d6T2]) we mean that for all J, M, there 
exists C J;M > such that (1 + \x\) M \d J x e%(t, x)\ < C J>M e- {k+1)eot . 

Proof of the lemma. Let us fix a € M. To simplify notations, we will omit most of the super- 
scripts a. We will construct the functions <E>j = by induction on j. Assume that <&i, . . . , 

are known, and let vp. := Wk — W = Y^j=x e~ jeoi< 3?j(x). Assertion (16. 2j) writes 
mi) £k := dtv k + C(v k ) + R(v k ) = O(e-( fc+1 ) £ot ) in S(R N ). 

Step 1: k = 1. Let 3>i := ay + , which is in S (see Remark |T.2|) and v\(t,x) := e~ eot &i(x). We 
have dtVi + Cv\ = and thus 

d t vi + Cv x + R(vi) = R( Vl ). 

Note that R( Vl ) = W Pc J(W~ 1 vi), where J{z) := -i[\l + z\ p -- l {\ + z) - 1 - - ^z] is 

real-analytic for {\z\ < 1} and satisfies J(0) = 9 Z J(0) = c\J(0) = 0. Write 

(6.3) J(z):= Y, a jin z^\ 

jl+J2>2 

with normal convergence of the series and all its derivatives, say for \z\ < \. Chose to such that 
Vt > t , |«i(*)| < \W. Then 

(6.4) Vi > to, Vx G R^, fl(«i) = ^ a ili2 lF Pc (VF- 1 ui) il (VF- 1 Ui) j2 . 

ii+j2>2 

As a consequence, there exists a constant C > such that for large t, \R(v\)\ < C\W~ 1 vi\ 2 . 
Using analoguous inequalities on the derivatives of R(v\), and the fact that v\ = ae _e °*$i with 
$i G S(R N ), we get R(vi) = O(e" 2eo *) in S(R N ), which gives (fOTl) for fc = 1. 

.Step induction. Let us assume that <3?i, . . . , are known and satisfy (|6.2[p for some fc > 1. 
To construct 3>fc+i, we will first show that there exists VP^ £ S(M. N ) (depending only on $i, . . . , 
$fc) such that for large t 

(6.5) e k (x, t) = e- (fc+1)eo '^(x) + O(e-^ eot ) in 5(R JV ). 
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Indeed by (lOT]) 

k 

(6.6) e k (t,x) =J2 e ~ jeot {-j e o$j(x)+£®j(x))+R(vk(t,x)). 

j'=i 

All the functions are in S(fi& N ), so that for large t, and all x, \vk(t, x)\ < ^W(x). Furthermore 
R(v k ) = W Pc J(W~ 1 v k ), and by the development (|6.3|) of J we get by (|6.6p that there exist 
functions Fj G <S(R ) such that for large t 

k+i 

£k (t,x) = Y,e~ jeot Fj(x) + 0{e~ {k+ ^ f ) in S(R N ). 
i=i 

By (fOFj) at rank k, Fj = for j < k which shows (fB3|) with = 
By Corollary 15.31 (k + l)eo is not in the spectrum of C. Let 

$ fc+1 :=-(£- (fc + l)e )- 1 ^. 

which belongs to S(R N ) (see Remark \7.2\i and is uniquely determined by . . By defini- 
tion, = Vfc + e~(' c+1 ) eoi( I ) fc_|_i. Furthermore, 

e fc +i := d t v k+ i + + R{vk+i) 

= d t v k + + R(v k ) - (k + l) eo $ fc+ ie-( fc+1 ) eot + £$ fc+1 e-( fc+1 ) eot + - R(v k ) 

= e k - e-( k+1 ^ k + R(v k+1 ) - R(v k ). 

By ([63|), e fc - e -( fc+1 ) eoi ^ fc = O( e -(fc+2)eoi) in S(R N ). Writing as before R = W^J(W-), and 
using the developpment jO]) of J, we get that R(v k+1 ) - R{v k ) = 0( e -( fc+2 ) e °*) in S(R N ) which 
yields (|6.2[p at rank fe + 1. The proof is complete. □ 

6.2. Contraction argument near an approximate solution. 

Proposition 6.3. Let a£l. There exists ko > such that for any k > ko, there exists t k > 
and a solution W a of (jl.ip smc/i i/iai for t > t k , 

(6.7) \\V[W a - W%)\\ z{ti+oo) < e-^^. 

Furthermore, W a is the unique solution of (jl.ip satisfying (|6.7p /or /arye i. Finally, W a is 
independent of k and satisfies for large t, 

(6.8) \\W a (t) -W - ae- eot y + \\ kl < e~^ 1 . 

Proof. Step 1: transformation into a fixed-point problem. As in the preceding proof, we will fix 
a£l and omit most of the superscripts a. Let 

h := W a - Wg. 

The function W a is solution of (II. ip if and only if w a := W a —W is solution of (15. 2p . Substracting 
equations 115. 2D on w a and (|6.2ip on v k := W£ — W, we get that W a satisfies (|l.ip if and only if 
h = w a — v k satisfies dth + Ch = —R(v k + h) + R(v k ) + e k (see (16.2fj) for the definition of e k ). 
This may be rewritten (recalling (15.19P for the definition of V) 

id t h + Ah = -V(h) - iR{v k + h) + iR(v k ) + ie k . 
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Thus the existence of a solution W a of (jl.ip satisfying (|6.7p for t > t k may be written as the 
following fixed-point problem 

(6.9) Vt > t k , h(t) = M k {h){t) and \\Vh\\ z ^ +oo) < e -( fc +^W 

r+oo 

where M k (h)(t) := -J e { ^ A \iV(h(s)) - R(v k (s) + h(s)) + R(v k (s)) - e k (s)]ds. 

Let us fix k and t k . Consider 

E\ := \h G S(t k ,+oo), Vh G Z(i fc ,+oo); \\h\U : = sup e( fc+ *) e °* || Vh\\ z{tt+oo) < oo) 
I z t>t k J 

The space E z is clearly a Banach space. In view of (j6.9|) . it is sufficient to show that if t k and 
& are large enough, the mapping Ai k is a contraction on This is the aim of the next step. 

Step 2: contraction property. Note that by Strichartz inequality (|5,22p . there is a constant 
C* > such that if g, h G £|, fc > 1, 

(6.10) IIvch^IU^+oo) < c* [\\v(v(h))\\ N(t!+oo) 

+ ||V(i?(v fc + h) - fl(t?fc))||jv(t,+oo) + ||Vejb||jv(t,+oo) 

(6.11) \\V(M k (g) - M k (h))\\ z{t<+oo) < C* [\\V(V(g - h))\\ m+oo) 

+ \\V(R(v k + h)-R(v k + g))\\ N{tt+oo) . 
Claim 6.4. There exists ky > such that for k > k$ the following holds: for all h G E z 
(6-12) l|V(V(/*))|U (tj+oo) < ^e-M^Hfcll^; 

and i/iere exists a constant C k , depending only on k such that for all f,g€ B z and t > t k 

(6.13) \\V(R(v k + g)- R(v k + h)) \\ N{tj+oo) < 0^+^% - h\\ E% , 

(6-14) \\Ve k \\ m+oo) <C k e-^ +1 ^ 1 . 

Let us first assume Claim [6~4l and prove the proposition. Chose k > k$. By (|6.10p . (|6.1ip . 
(|6T2D . (f6T3l and (IBTTil) . we get, if <?, /i G 5| 



||M*(<7) - MjfcWHs* < \\9 ~ He% (\ + C*C k e 



eotk 

j j 

which shows, chosing a larger t k if necessary, that .Mfc is a contraction of -B^. 

Thus, for each k > ko, (jl.ip has an unique solution VF a satisfying (|6.7p for t > t k . The 
preceding proof clearly remains valid taking a larger t k , so that the uniqueness still holds in the 
class of solutions of (jl.ip satisfying (16. 7p for t > t' k , where is any real number larger than t k . 

Let k < k and W a , W a be the solutions of (jl.ip constructed above for k and A; respectively. 
Then, W a although satisfies (|6.7p for large so that the uniqueness in the fixed-point shows 
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that W a (t) = W a (t), for large t and thus, by uniqueness in (jl.ip . that W a = W a . This shows 
that W a does not depend on k. 

It remains to show (|6.8p . Let k > be a large integer and h E B^. By Strichartz inequality 
(|5.23p . and the definition oi M k , we have, for t > t k , 

\\M k (h)(t)\\ Al < \\V(iV(h) - R(v k + h)+ R(v k ) - e k ) \\ m+oo) . 

As a consequence of Claim [67il and the fact that < 1, we get 

\\M k {h){t)\\ til < C (e-( k+ ^ eat \\h\\ Ekz + e- {k+1)eot ^ <Ce-( k+ i) eot . 

Using the preceding inequality on h = W a — W£ (which satisfies h = M k (h)), and noting that 
= W + ae~ eot y + + O(e~ 2eot ) in H 1 , we get directly (i6?8j) . To complete the proof of the 
proposition, it remains to show Claim RT4l □ 

Proof of Claim \6Jj\ Estimate (|6.14p follows immediately from (|6.2[p . 
Let us show ()6.13p . By Lemma l5T6| 



(6.15) \MR{v k + g)- R{v k + h))\\ mt+1) < (A)\\V(g - h)\\ z{tjt+x) , 
(A) := c(\\Vg\\ z{tyt+l) + ||Vfc|| Z (t,t+i) + l|V^|U( M +i) 

+ iiv 5 iif ( 7i +1) + iiv^iii c ( -; +1) + \wv k \\^ +1)/ 

By the explicit form of v k and the fact that g,h S B%, we get 

(6.16) (A) < C' k e~ e °\ 

where C' k only depends on k. Combining (16.15P and (16.161) . we get 

||V(12(« fc +g)- R(v k + h))\\ N(tit+1) < C' k e- eot \\V(g - h)\\ z{t , t+1) < C' k ^ k+ ^ eot \\g - h\\ Ez 
which gives f)6. 13j) in view of Claim 15.81 



It remains to show (|6.12p . Let tq > 0. By Lemma 15.51 there exists a constant C 2 > such 
that 

N N 

\\V(Vh)\\ mt+TQ) < C 2 r^\\Vh\\ z{t>t+To) < C 2 r^ e-^)^\\h\\ E% 

By Claim El 

Chosing t and k such that C 2 t n+2 = ^ and e - iko+ 2 )e ° TO < \, we get (I6T2D for k > k . 

□ 

6.3. Conclusion of the proofs of the theorems. 

Proof of Theorem^ Denote as before y x := Re^ + = Re^_. Note that (W, ^1)^1 / 0. Indeed, 
if (W, 3^1)^1 = 0, then by the equation AW = -W Pc , we would have B(W, y+) = B(W, 3>_) = 
so that W G G±, which contradicts, in view of Lemma l5.2l the fact that Q(W) = — , < 0- 

Replacing y± by — y± if necessary, we may assume 

(6.17) (WM Al >0. 
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Let 

W ± := W ±x , 

which yields two solutions of (jl-l|) for large t > 0. Then all the conditions of Theorem [T] are 
satisfied. Indeed (jl.8jl follows from the conservation of the energy and the fact that W a tends 
to W in H 1 , (jl.9p is an immediate consequence (|6.8p . Furthermore, again by (|6.8p . 

IIW'll^i = ll^ll^i +2ae- eot (W,y 1 ) Al +O(e-f eo *), 
which shows, together with (|6.17p . that for large t > 0, 

>o, <0. 

From Remark 1 1.21 these inequalities remain valids for every t in the intervals of existence of W + 
and W~ . Finally T_(W~) = — oo by Proposition 12.11 and |M|s(--oo,o) < oo by Corollary 13.21 

It remains to show that in the case N = 5, T-(W + ) < oo. For this we will show that for any 
a and any t in the interval of definition of W a , 

(6.18) N = 5 W a {t) G L 2 (M 5 ). 

Consider as in Subsection 12.31 a positive radial function ip on 1R 5 , such that ip = 1 if \x\ < 1 and 
^ = if \x\ > 2. Define, for R > and large i, 



Ffl(t) := / \W a (t,x)\ 2 iP(-)dx. 
Then, VF a being a solution of (jl.ip . 

F' R (t) = -| Im / WVW 1 • (V^)(-|)dx = -| Im / ^V(F" - W) • (V^)(-|)dx 
R J R R J R 

+ ^Im / (VF a -PF)VVF- (V^)(^)dx + ^Im / (VF a - PF)V (PF" - H 7 ) • (VV0(-|)<&- 
R J R R J R 

Using that by (|6.8p . ||VF a (i) — < Ce~ e °*, we get, by Hardy inequality 

\F' R (t)\ < C\\W a (t) - W\\ H1 (\\W a (t)\\^ + \\W\\ H1 ) < Ce~^, 
with a constant C independent of R, and thus, integrating between a large t and +oo, 

f \W(x)\ 2 ^)dx <Ce- eot . 

Letting R goes to +oo, we get (fBTTgj) and ||W a (i)|| L 2 = ||PF|| L 2. In particular W + {t) G L 2 (M 5 ), 
and thus, by Corollary 14.21 T_(W + ) < oo which concludes the proof of Theorem [U □ 

Proof of Theorem [H Let us first prove: 

Lemma 6.5. If u is a solution of (jl.ip satisfying 

(6.19) \\u{t) - W\\#i < Ce~^\ E{u) = E(W) 

then 

3\a 6 1, u= W a . 
Corollary 6.6. For any o/O, there exists T a 6K such that 

( W a = W + {t + T a ) if a > 



(6.20) 



W a = W-(t + T a ) if a<0. 



DYNAMIC FOR ENERGY CRITICAL NLS 39 

Proof. Let u = W + v be a solution of (jl.ip for t > to satisfying (|6.19p . Recall that v satisfies 
equation (|5.2p . 

.Step 1. We show that there exists a £ M such that 

(6.21) Vr? > 0, ||i;(T) - ae-^+H^ + ||V(v(t) - ae" 6 ^) || x(Ti+oo) < C^ 2 -^. 
Indeed we will show 

(6.22) \\v(t)\\m < Ce~ eot , \\R(v(t))\\ L ^ + l|V(i?M)|U( tl+ oo) < Ce~ 2 ^. 

Assuming (|6.22|) . we are in the setting of Proposition 15.91 with h = v , e = —R(v), cq = eo and 
ci = 2eo- The conclusion (|5.4ip of the proposition would then yield (|6.2ip . It remains to prove 

flgjij) . 

By Lemma [5 .61 Claim loTTOl and Claim [5^81 the bound on R(v) in (|6.22p follows from the bound 
on so that we only need to show this first bound. 

By Lemma assumption f)6. 19|) implies + ||Vu||z(t,+oo) < Ce~ 70 *. By Lemma [5^61 

and Claim [5^81 

\\R(v(t))\\ L ^ + \\V(R(v))\\ m+oo) < Ce- 2 ^. 
Thus we can apply Proposition 15.91 showing that 

Mt)\\fr <C(e- eo * + e-i^). 

If §7o — e o the proof of (|6.22p is complete. If not, assumption (|6.19p on v holds with |7o 
instead of 70, and an iteration argument yields the result. The proof of (|6.22p is complete, 
which concludes Step 1. 

Step 2. Let us show 

(6.23) Vm>0, 3t >0, Vi > to, \\u(t) - W a (t)\\ Hl + \\\7 (u - W a )\\ m+oo) < e~ mt . 

This will show that u = W a , by uniqueness in Proposition 16.31 According to Step 1, (j6.23H holds 
for m = |eo- Let us assume (I6.23P holds for some m = mi > eo- We will show that it holds for 
m = mi + y, which will yield (|6.23p by iteration and conclude the proof. 

Write v(t) := u(t) - W, w a (t) := W a (t) - W (so that in particular u - W a = v - w a ). Then 

d t (v - w a ) + C(v - w a ) = -R{v) + R(w a ). 

We have assumed \\v(t) — w a (t)||^i + || V(u — +00) < e~ mit . According to Lemma [5T61 



and Claim [5781 

\\V(R(v) - R(w a )) \\ N(ti+oo) + \\R(v(t)) - R(w a (t))\\ LM _ < Ce-<«*+«* 
Then by Proposition 15.91 

\\v(t) - w a (t)\\^ + \\V(v - w a )\\z(t, + oo) < C7e-( mi +l e °)*, 

which yields ()6.23p with m = mi + By iteration, ()6.23p holds for any m > 0. Using this with 
m = (k + l)eo (where is given by Proposition I6.3|) . we get that for large t > 

\\^-^)\\ z(tt+oo) <e-^)^. 

By uniqueness in Proposition 16.31 we get as announced that u = W a which concludes the proof 
of the lemma. □ 
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Proof of Corollarv \6.(A Let a/0 and chose T a such that |a|e _e ° Ta = 1. By (|6.8p . 
(6.24) \\W a (t + T a ) - WTe~ eot y+\\m <Ce~l eot . 

Furthermore, W a (- + T a ) satisfies the assumptions of Lemma 16.51 which shows that there exists 
a' such that W a {- + T a ) = W a ' . By (IQiD . a 1 = 1 if a > and a' = -1 if a < 0, hence fT20j) . □ 

Let us turn to the proof of Theorem[2l Point (jbj) is an immediate consequence of the variational 
characterization of W C |Aub76| . |Tal76j 1. 

Let us show (jsj). Let m be a solution of (jl.ip such that E{uq) = E(W) and ||ito||#i < 
||W||^i. Assume that ||it||5(R) = oo. Replacing if necessary u(t) by u(—t), we may assume that 
ll n lls(o,+oo) = °°- Then by Proposition 13.11 there exist 9$ G R, > 0, and c, C > such that 
||tt(i) — W[0 O)W )]||#i < Ce~ ct . This shows that ii[_g ^-ij fullfills the assumptions of Lemma [531 
Using that ||tt||^i < ||W||^-i, this implies that there exists a < such that u^_ 9q ^-ij = W a . 
Thus by Corollary 16.6^ 

«(*)=WS, rf io](* + r a), 

which shows jaj). 

The proof of (jcj) is similar. Indeed if u is a solution of (|1.1|> defined on [0, +oo) and such that 
-E(n ) =-B(W / ), Unolljji > ||VW||^i and u n £ L 2 . then by Proposition I4TT1 [| it(t) — W[a ,Ato] 1 1 fl" 1 - 
Ce~ ct , which shows using Lemma 16.51 and the same argument as before that for some to £ R, 

= + 

The proof of Theorem [2] is complete. □ 

7. Appendix 

7.1. Proofs of some results of decomposition near W. 

7.1.1. Proof of Lemma \3.6l Let us first show the lemma when / is close to W. Consider the 
following functionals on R x (0, +oo) x H 1 : 

J :(6, /i, /) h-> , iW) ^ , Ji : (0, f) ^ , Wi) ^ 

Then, by (IBTTgj) 

dJp fn , TTrN f t ^ Tirl 2 9J 
89 

— (0,1,PT) ^ 

Furthermore, Jq(0, 1, W) = Ji(0, 1, W) = 0. Thus by the Implicit Function Theorem there exists 
Eq , 770 > such that for h £ -ff 1 : 

||fc-W||jji < e => 3!(6>,yu), |6»| + |/x-l| < r? and W)^ = (hp^, Wi)^ =0. 

Let / be as in the proposition. By the variational characterization of W, if d(/) is small enough, 
we can choose fj,% and 6\ such that = W + 5, ||<?||#i < e (d(/)), and we are now reduced 

to the preceding case. The assertions on the uniqueness of (0,fi) and the regularity of the 
mapping / 1— > (9,fJ,) follows from the Implicit Functions Theorem. The proof of Lemma 13.61 is 
complete. □ 



-(0,1, W) = [\VW\ 2 ^(0,1,W) = 

J 

-(0, 1, W) = ^(0, 1, W) = - [ |VTVi| 2 . 
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7.1.2. Proof of Lemma \3. 7\ Take u as in Lemma 13.71 and let 

(7.1) v(t) := u mMt)] (t)-W = u(t) + a(t)W. 

Proof of (|3.22p . In this part of the proof, t is just a parameter and we will not write it for the 
sake of simplicity. By (17. lj) . 



(7.2) 



^\\W\\\ 1 + 



~ 1 1 2 



ii 1 



To get a second relation between IHI^i, a and 1 1 1 1 , we use the equation E(W) = E(W + 
v) together with (|3.17p . Denote by u\ and U2 the real and imaginary parts of u. By the 
orthogonality of u\ and U2 with W in H , and the equation APF + Ty Pc = we have 



VVK • Vfii 



• Vu 2 



W Pc « 2 = 0. 



Thus W and -u are Q-orthogonal and Q(v) = Q(u + aW) = — \Q(W)\a 2 + Q(u). This yields, 
using (|3T7l) . a 2 |Q(PT)| - Q(u) < C\\v\\ 3 til . By the coercivity of Q on i?- 1 (Claim [33]) which 

implies Q(u) & IpIIh-i* we 
(7-3) W^i<c(lHl^i+' 



a 



a 2 <C[ \\u\\ 2 Al 



It follows from the variational characterization of W that \\v ||^i is small when d(u) is small. By 
(1731) and CGI, we get, for small d(«), 

(7.4) \a\ « IMIw-i ~ ||n| 



This is the first part of (|3.22p . It remains to show the estimate on d(u). Developing the equation 
\\ w + v \\%i = \\W\\ 2 til + d(u) we get, 



(7.5) 



\ 2 Ai +2(v,W)hi = \\v\\% 1 +2a = d(v) 



which gives, thanks to (17.4p . the desired result. The proofs of (13.221) is complete. 
Proof of (|3.23p . Let us consider the self-similar variables y and s defined by 

n(t)y = x, ds = fi 2 (t)dt. 

Then (jl.ip may be rewritten 

(7.6) id s u [e ^ + A y u [e ^ + luie^f^ 1 u [e ^ 1 " " 1 ;/ '" ' A 



o 



where the subscript s denotes the derivative with respect to s and the Laplace operator with 
respect to the new space variable y. 
We much show 



(7.7) 



\a s (s)\ + \6 s (s)\ + 



Ms 
M 



<C\d(u(s))\. 



For any complex-valued function /, we will write f\ := Re/, f2 '■= Im/. Writing U[g :ll ] =W+v, 
we get 



Ms 



<9 s t; + £w + - # s iW - 9 s iv + — PFi + 



-w + y ■ Vi> 



0. 
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Where the linear operator C and the remainder term R are defined by (|5.2p . We will need the 
following bound on R(v) (see Lemma l5,6p 

(7-8) \\R(v)\\ l ^<c(\\v\\% 1 + \\v\\%). 

Writing v = u + a(s)W and keeping in the left-hand side only the terms that are linear in u, a, 

a s , 9, 9 S and fJ. s /fJ-, we get 

(7.9) d gUl + id s u 2 + a s W + (A + W Vc ~ l )u 2 - i(A + p c W Pc ~ l ) Ul - ia( Pc - l)W Pc 

- 9 s iW + f^-Wx = -R(v) + 9 s iv - ^ ( ^— ?v + y-Vv 

In view of estimates (]3.22p . it is easy to see that the i7 1 -scalar products of the right-hand term 
by W, iW and W\ are bounded up to a constant by e(s), where e(s) is defined by 

e(s) := |d| (jd| + \9 s (s)\ + |^(*)|) , d := d(u(s)). 



For instance, by ([77 

(7.10) \(R(v),W) Al \ = \{R(v),AW) L2 \ < \\R(v)\\ l ^\\AW\\ l ^ = 0(d 2 ). 

The formal integration by part in (|7.10p , which is rigorous for smooth solutions of (jl.ip decaying 
fast enough at infinity, may be justified by passing to the limit and using the standard Cauchy 
problem theory for (jl.ip . Projecting equation (|7.9p in H 1 on W, iW and W\, we get (denoting 

by c:= \\WWl,, a := ||Wi||^) 

(7.11) ca s = -(Au 2 , W) & - {W^~ l u 2 , W) & + 0(e(s)) 

(7.12) c9 s = -(Afii,W)^ -Pc^^ni,^)^ - a( Pc - 1)(W^,W)^ + 0(e(s)) 

(7.13) ^ci = -(Afia.Wi)^ - (r- 1 ^,^)^ + 0(e(s))- 
Justifying as before the integrations by parts, we have 

{Au 1 ,W) 6l = (u 1 ,AW) Al , {Au 2 ,W) Hl = (u 2 ,AW) Hl , (Au 2 , Wi)^ = («a, AWi)^. 

Consequently all the right-hand terms in equations (17. lip . (17.121) and (17.130 are bounded up to 
a constant by ||tt||^-i + e. By (|3.22j) . < Cd which yields (|7.7p and completes the proof of 

Lemma 13.71 □ 

7.2. Spectral properties of the linearized operator. This part of the appendix is dedicated 
to the proof of Lemma [5. 11 which is a variation of the classical proof (see |Gri90| and the survey 
[Sch06] for similar results). 



7.2.1. Proof of the existence of the eigenf unctions. Note that C(v) = —£.(v), so that if eo > 
is an eigenvalue for C with eigenfunction 3^+, — eo is an eigenvalue of C with eigenfunction 3*+- 
Let us show the existence of y + . Writing 3*i = Re 3*+ , 3^2 = Im 3*+ , we must solve 

f (A + Pc w p c- 1 )y 1 = -e y 2 

1 (A + W rPc_1 )3 7 2 =eo3V 



(7.14) 
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Let V := W Vc ~ x . The operator —A — V on L 2 with domain H 2 is self-adjoint and nonnegative, 
thus it has a unique square root (—A — V)a with domain PT 1 (see [Wei80] ) . Assume that there 
exist fx 6 P such that 



(7.15) pf 1 = - e 2 f 1 , where P := (-A - V)*(-A - p c V)(-A - V)*. 

Then taking 

3>i := (-A-y)5/ l5 y 2 : = l(_A-p c F)(-A-F)l/ 1; 

eo 

would yield a solution of system (|7.14|) , showing the existence of y + and 3^- • 

The remainder of the proof is devoted to proving that the operator P on L 2 with domain P 4 
has a strictly negative eigenvalue. Note that 



P = (A + vy - ( Pc - 1)(-A - VpV(-A - V) 



is a relatively compact, selfadjoint, perturbation of A 2 , so that its essential spectrum is [0, +oo) 
(see [Wci80j). Thus we only need to show the following claim. 

Claim 7.1. 

a_(P):=inf{(P/,/) L2 , / € D(P), \\f\\ L2 = 1} < 0. 

Proo/. Note that (Pf,f) L 2 = -({A+p c V)F, F) L2 , where F := (-A-V)*/. Thus it is sufficient 
to find F such that 

(7.16) ((A + Pc V)F, F) L2 > 0, and 3g £ H\ F = (A + V)g. 

We distinguish two cases. First assume that N = 3,4, so that W ^ L 2 . Let W a (x) := 
x(x/a)W(x), where X is a smooth, radial function such that x( r ) = 1 for r < 1 and X (r) = 
for r > 2. We first claim 

(7.17) 3a > 0, E a := j{A + Pc V)W a W a > 0. 
Recall that AW = -W Pc . Thus 

(A + p c V)W a = (p c - l) X {x/a)W^ + -(V x ){x/a) ■ VW + \(A X )(x/a)W. 

I a i a z I 

Hence 

J (A + Pc V) W a W a = J xl(Pc - l)W^ +1 + ~J (Vx) (x/a) • W + ^ ^ (A*) (x/a) W 2 . 

* v ' * v ' 

(A) (B) 

According to the explicit expression (TO} of W, W < C\x\~^ N ~^ and \VW\ < C\x\- (N ^ at 
infinity, which gives |(A)| + |(P)| < £ if N = 3, \(A)\ + \(B)\ < £ if N = 4. Hence jLHj). 

Let us fix a such that (17.171) holds. Recall that W is not in L 2 . Thus A + V is a selfadjoint 
operator on L 2 , with domain H 2 , and without eigenfunction. In particular the orthogonal of its 
range P(A + V) is {0}, and thus P(A + V) is dense in L 2 . Let e > 0, and consider G e 6 H 2 
such that 

||(A + V)G £ - (A + V - l)W a \\ L 2 < e. 
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Taking F £ := (A + V - 1) _1 ( A + V)G e , we obtain ||(A + V - 1)(F £ - W a )\\ L 2 < e which implies 
\\F £ — W a \\ H 2 < e||(A + V — 1) \\l 2 ->l 2 - Hence for some constant Co, 



/ (A + Pc V)F £ F e - [ (A + p c V)W a W a 



<C e. 



As a consequence of (|7.17p , we get (|7.16p for F = F E , e = ^f-, which shows the claim in the 
case N = 3, 4. 

Assume now that N = 5, so that W is in I? and more generally in all spaces H S (W N ). In 
this case (R(A + V)) 1 - = N(A + V)= span{W}, and thus 

(7.18) R(A + V) = {/ G L 2 , (/, W) L 2 = 0}. 

Furthermore, A + p c V is a self-adjoint compact perturbation of A and ((A +p c V)W, W)li > 0, 
which shows that A + p c V has a positive eigenvalue. Let Z be the eigenfunction for this 
eigenvalue. Recalling that (A + p c V)W\ = we get, for any real number a 

[ [A + p c V){Z + aWi){Z + aW l )= [ {A + Pc V)ZZ > 0. 
Jm N Jr n 

By explicit calculation, (W±, W) L 2 ^ 0, so that we can chose the real number a to have (Z + 
aW 1} W) L 2 = 0. Hence 

((A + V -1)(Z + aW 1 ),W) L2 = (Z + aW u (A + V -1)W) L2 = -(Z + aW 1 ,W) L 2 =0. 

By (|7.18p . we can chose, for any e > a function G £ in H 2 such that 

\\{A + V)G £ -{A + V -1){Z + aW l )\\ L 2 < e. 

As in the preceding case, F £ = (A + V — 1) _1 (A + V)G £ satisfies (|7.16p for small e > 0. Claim 
17.11 is shown for iV = 3, 4, 5, which concludes the proof of the existence of the real eigenvalues 
of eo and — eg. □ 

7.2.2. Decay at infinity of the eigenf unctions. To conclude the proof of Lemma [5. H it remains to 
show that y± G <S(R ). By a simple boot-strap argument, it is easy to see that the eigenfunctions 
y + and y_ are C°°. It remains to show the decay at infinity of 3^+, y~ and all their derivatives. 

Recall that the eigenfunctions y + and are complex conjugates. According to system (j7.14D 
on 3^1 = Re 3^+ and 3^2 = Im^-H it suffices to show the decay result on 3l only. Furthermore, 
by Sobolev embeddings, we only have to show that the following property holds for all k and s 

(V k , s ) Vv9 G C °° {R N \{0}) , 3C, Vi2 > 1, \\i P (x/R)y 1 \\ H s < ( 



(1 + R) k ' 

Recall that 3*i = V~ A — V f\, with f\ G H 4 , so that (Vo,3) is satisfied. We will show that for 
k > 0, s > 3, (Vk,s) implies (Vk+i, s +i)- Assume (Pk,s) an d consider tp and (p in Cfi° (M. N \{0}) 
such that if is 1 on the support of ip. Note that by (|7.14p 

(7.19) (a 2 + e 2 )y x = -vAy 1 - A(p e vyi) - Pc v 2 yi. 

By the explicit form of W, V and all its derivatives decay at least as at infinity. Thus ([7.190 

\x\ 

implies ||^(a;/i?)(A 2 + eg^iH^-a < ^\\(p{x/ R)y 1 \\ H s . Hence 

(7.20) \\(A 2 + e 2 )(p(x/R)y 1 )\\ H s- 3 < ^||^(x/i?)3^i||^. 
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By (Vk, s )i the right-hand side of (|7.20p is bounded by R ^ +1 for large R. Furthermore, A 2 + e\ 
is an isomorphism from H s+1 to H s ~ 3 , so that (|7,20p implies \\<p(x/R)yi ||#s+i < R ^ +1 , which 
yields exactly {Vk+i, s +i)- The proof is complete. □ 

Remark 7.2. Let ^ G 5(R JV ) and e% G R\ {-e ,0,e } (thus by Corollary E3J ei is not in the 
spectrum of C). Then by a proof similar to the one above 

(7.21) $ := (£ -ei)- 1 ^ G S(R*). 
Indeed $1 = Re<3? and <I>2 = Im<l> satisfy the equations 

(7.22) - ei$i + (A + V)<& 2 = * 1, -e x $ 2 - (A + p c F)$i = f 2 . 

As $1 and $2 are, by definition, in L 2 , a simple bootstrap argument shows that they are in all 
H s , s > 0. Furthermore 

(A 2 + e 2 )$i = -VA$i - A(p c y$i) - p c y 2 $i - ei*i - (A + F)* 2 , 

which gives equation (|7.19p . up to a right-member term — ei^i — (A + V)^2 which is in S($L N ). 
Thus the iteration argument above shows that $1 G S(M. N ), which implies by (|7.22p that $2 G 
S(R N ). Hence (TT2B . 

7.3. Proof of Lemma 15.61 We have 

R(f) = -i\W + f\ p °-\W + /) + iW Vc + i^lw^- 1 / + i^-^W Pc ~ l J = W Pc J {W- 1 /) 
where J is the function defined on C by 

J(z) = -i\l + z\ p -- X (l + z) + i + i^f^z + i^Y^z- 

Recall that p c > 2. Thus J is of class C 2 on C and J(0) = <9 2 J(0) = c\J(0) = 0. Furthermore, 
for large \z\, J is bounded by C|z| Pc , and its derivatives of order k = 1,2 by C\z\ Pc ~ k . Hence 

(7.23) \J{z) - J{z')\ <C\z- z'\ (\z\ + \z'\ + \z\Pc~ 1 + l^" 1 ) 

(7.24) \d z J(z) - d z J(z')\ + \dgJ(z) - dzJ{z')\ < C\z - z'\ (1 + \z\ p c~ 2 + \z'\^- 2 ) . 

By (I7.23P we get the pointwise bound 

(7.25) \R(f) - R(g)\ < C\f - g\ {W^ 2 \f\ + W^~ 2 \g\ + \f\^~ l + \g\P-~ 1 ) , 

which yields (|5.27p using Holder inequality ||afoc Pc ~ 2 || < ||a||i2* ||6|| L 2* ||c||^ c 2 7 2 . 
Now, remark that 

V(i?(/)) = p c W Pc ~ 1 (VW)J {W- 1 /) 

+ W Pe V(W- 1 f)(d K J) (W- l f) + H/ Pc V(iy- 1 /)(^«/) (W^f) . 
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By (17351) and flTJMD we get 



(A) :- 



\VR(f) - VR(g)\ < C{(A) + (B) + (C)} 

1/ - <?| f^" 2 |/l + ^~ 2 | 9 | + I/I*" 1 + l^- 1 



x + 1 



(B) := |WV(W-V - W-^) | (W*>- 2 |/| + l/r c_1 
(C) := \WV(W p c- 2 + W^ 1 *?) | |/ - g\ (\V Pc ~ 2 + I/)*" 2 + \g\ p ^ 2 



Note that 



2N(N+2) 
TV 2 +4 



< iV for iV = 3,4, 5 so that if u £ 5*(I) and Vit 6 Z(I), Hardy inequality 



llrjf u IU(/) ^ ll^ u IU(/) holds. Using Holder inequality ||afrc Pc 
together with Hardy and Sobolev inequalities we get 



\N(I) 



< a 



z(i)\\b\\s{i)\\c\\ P s \^ 



1104)11 



N(I) 



< c 



1 



\x\ + 1 
<C||V(/- 



(/-<?) 



\Z(I) 



\W 



Z(I) L 

6-iV 

HI 5 
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The other terms (B) and (C) are handled in the same way. Note in particular that by Hardy 
inequality || WV(W~ 1 g) \\ Z(I) < C\\V g\\ zfyI) . The proof of (IOHD is complete. □ 
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